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Abstract

In this paper, we consider families of time Markov fields (or reciprocal classes) which have
the same bridges as a Brownian diffusion. We characterize each class as the set of solutions of
an integration by parts formula on the space of continuous paths C([0; 1]; RY). Our techniques
provide a characterization of gradient diffusions by a duality formula and, in case of
reversibility, a generalization of a result of Kolmogorov.
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1. Introduction

In this paper, we characterize the bridges of a Brownian diffusion as solutions of a
simple integration by parts formula (IBPF for short) on the space of continuous
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paths C([0;1]; RY),d>1. More precisely, our object of study is the class of all
probabilities on the path space which have the same bridges as a reference d-
dimensional Brownian diffusion; this class is called the reciprocal class of the
reference diffusion.

Let us briefly describe our framework. The terminology of reciprocal class comes
from reciprocal processes; these are Markovian fields with respect to the time
parameter and therefore a generalization of Markov processes. The interest in these
processes was motivated at first by a Conference of Schrodinger [24] about the most
probable dynamics for a Brownian particle whose laws at initial and final times are
given. Actually, Schrodinger was only concerned with Markovian reciprocal
processes which have been called since then Schréodinger processes. His interpreta-
tion in terms of (large) deviations from an expected behavior was further developed
by Follmer, Cattiaux and Léonard, Gantert among others (cf. Refs. [3,9,10]).
Schrédinger processes were also analyzed by Zambrini [28] and Nagasawa [18] for
their possible connections with quantum mechanics. One year after Schrodinger,
Bernstein noticed the importance of non-Markovian processes with given condi-
tional dynamics, where the conditioning is made at two fixed times. This was the
beginning of the study of general reciprocal processes. Jamison [11] proved that the
set of reciprocal processes is partitioned into classes called reciprocal classes. All the
elements of a same class share the same Markovian bridges (or two times conditional
probability distributions). Each class is characterized by two functions (F, G)
(defined explicitly in Theorem 2.5 below) which take values, respectively, in R? and
R4 called its Reciprocal Characteristics [5,13] and can be defined starting from a
reference Markovian Brownian diffusion. Krener (cf. [13]) raised the question of
characterizing a reciprocal class by an equation involving (F, G). For Gaussian
reciprocal processes an answer was given in [15]: the equation was a p.d.e. for the
covariance function. The non-Gaussian case was addressed in [25] by one of us:
using the tools of Stochastic Mechanics, it was proved that the elements of a
reciprocal class satisfy a stochastic Newton equation. In this equation, by analogy
with the Lorentz law of electromagnetism G can be interpreted as a magnetic force
and F as an electric force (see also [17]). In [20] Malliavin calculus was introduced as
a useful tool for this problem. We exhibited an IBPF which characterizes the
elements of a given reciprocal class when d = 1. Here we turn to vectorial case d > 1,
which requires new techniques and provides broader applications (see Theorems 5.1
and 5.4).

Our main result in the present paper states that the set of probability measures
which belong to the reciprocal class of a Brownian diffusion and have finite entropy,
coincides with the set of solutions of a functional equation with coefficients F and G.
Our equation is a perturbation of the duality equation satisfied by Brownian bridges,
duality between the Malliavin derivation operator and the stochastic integral. The
perturbation term in the equation is to be compared with the vector of Malliavin
derivatives of the Hamiltonian function associated to Gibbs measures [22]. This term
splits into two parts one of them vanishing if and only if the drift of the reference
Brownian diffusion is a gradient. Therefore, the tools developed to reach the above
result enable us on the one hand to characterize the laws of Brownian diffusions
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which are of gradient type among the reciprocal processes satisfying some IBPF and
on the other hand, to prove a generalization of Kolmogorov’s theorem: the existence
of a reversible law in the reciprocal class of a Brownian diffusion with drift b can
only occur if b is a gradient.

The paper is divided into the following sections.

. Introduction

. Brownian bridges. Reciprocal classes

. Integration by parts formula for a Brownian diffusion and its bridges
. Characterization of a reciprocal class by an IBPF

. Application to gradient diffusions

[ S O R S R

2. Brownian bridges: Reciprocal classes
2.1. Derivation operator

Let Q = %([0, 1]; RY) be the canonical-polish-path space of continuous R?-valued
functions on [0, 1], endowed with 7, the canonical o-field. Let (X)) denote the
family of canonical projections from Q into RY. 2(Q) is the set of probability
measures on 2. We use the notation

() = /Q F()0(dw).

Let P e 2(Q) denote a fixed Wiener measure on £ with initial measure any
probability measure on R?. We denote by P* the Wiener measure on Q with initial
condition x € R?. More generally, for any Q in 2(Q), Q" is the conditional measure
O(./Xo=x), and Q" is the conditional measure Q(./Xy = x,X; =y) (bridge
between x and y). We will denote by | - | the euclidian norm in R and x.y will denote
the scalar product between x and y, two vectors in R.

We now define the space of smooth cylindrical functionals on Q

S = {9 9(w) = p(o), 1<i<d, 1<j<n),
@ € CP(R;R), 0<t<---<t,<1},

where CZO(R’”’; R) denotes the set of C*-functions which are bounded as well
as all their derivatives. Clearly % c L*(Q; P). For 0<t<1, we denote by ., the
subset of #.-measurable elements of .. On ¥ we denote by D, the derivation
operator in the direction g = (¢');<;<y € L*([0, 1]; RY) defined as follows: D,® =
(D,i®P),<i<a Where

1 n
- , . d
D,d(w) = /0 g (OD d(w)dt  with Did(w) = a—)(;(w,ll,...,wi)ltgqi.
j=1 J

It is clear that D @ is also equal to the Géateaux-derivative of @ in the direction
fd g(?)dt, which is a typical element of the Cameron—Martin space. One also defines
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the space D' as the closure of % under the norm
1
101, = P(&?) + P( / \D,®P dt).
0

For g = (¢'),<i<q € L*([0, 1]; RY), the vector-valued stochastic integral of g under
X is denoted by

. l . .
5(9) = (3(g Ny <rq = ( /0 g’(z)dXi) .
1<i<

t d t
/ U dX = Z / u' dX7.
0 j=1 0

It is well known (see for example [2]) that the operator D (also called Malliavin
derivative) is the dual operator on D' of the Skorokhod integral. When we restrict
ourself to test functions g which are deterministic, the Skorokhod integral of g
reduces to the Wiener integral d(¢g) and the following vectorial IBPF is satisfied on
Q:Vg e L*([0;1; RY), V& € &,

P(Dy®) = P(P3(9))- (M

Furthermore, this IBPF characterizes the Wiener measure P on Q (cf. [22]).

2.2. IBPF for Brownian bridges

In the same way as Brownian motion is the reference process in the study of
Markov diffusions, it seems natural to consider Brownian bridges as reference
processes in the study of Markovian bridges. For this reason, we review IBPF
satisfied by Brownian bridges. The subset of the Cameron—Martin space, which will
contain the test functions, is the following set:

1
&= {g, R?-valued step function on [0; 1] such that / g(t)dt = 0}.
0

The condition on the integral is of loop type: indeed if we denote by / the function
h:= [, g(1)dt, we are requiring that 4(0) = /(1) = 0. For 7 € [0, 1], & denotes the set
of step functions in & whose support is included in [0,7]. For step functions the
stochastic integral d(g) is trivially defined for all w € Q, independently of the
underlying probability.

Proposition 2.1. Let (x,y) € R? x RY and P> € 2(Q) be the law of the d-dimensional
Brownian bridge on [0,1] from x to y. Then, for all g € &, for any ® € &,
P (Dy®@) = PY(P5(g)). 2

Proof. The duality formula (2) has been proved by Driver [7] for the Brownian
bridge on a Riemannian manifold. His proof relies on the absolute continuity of P*
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with respect to P* on %, with 0<t<1. However, for the sake of completeness~, let
us sketch an alternative prqof of this duality. Let us take @(w) = ¢py(wo)d,(01)P(w)
for ¢, ¢, € %>(R?), and ® € ¥ in the IBPF satisfied under P:

P(d’o‘l”l@é(g)) = P(D.a(¢o¢1&))) 3)
which holds for any ¢ € L*([0; 1]; RY) and any & € .. One obtains from (3)
P(po(X0)p (X )P(P(g")/ X0, X 1))

1
= P(¢(X0)$ (X 1)P(D,i D/ X0, X)) + P(¢0(Xo)6[¢1(X1)55)/0 g'(r)dr.

Therefore for g € & and for each i, identity (2) holds for p-a.e. (x,y) where pu is the
law of (X, X;) under P. By continuity of the map (x, y)—P* the duality formula
(2) holds for all (x,y) e R x RY. O

2.3. Reciprocal class and reciprocal characteristics of a Brownian diffusion

We now introduce the main object we deal with in this paper: the reciprocal class
of some fixed reference diffusion P,. The data is a d-dimensional Markovian
diffusion solution of the stochastic differential equation

dX[ ZdB[+b(t,X[)dt, X() =X, (4)

where B is a d-dimensional Brownian motion, b is the drift function, assumed to be
in €"2([0; 1] x RY; R?) and x € R?. The law of this Brownian diffusion is denoted by
Py It is not a restriction to fix a deterministic value for Xy since in the present paper
one only deals with the bridges of P.

We assume there exists a constant k>0 and an integer N € N* such that for all
t,x €[0,1] x R, for all i,j € {1,...,d)},

x.b(t, x)<k(1 + |x]%), (5

|B(2, )| + 10:5'(2, )| < k(1 + |x|") (6)
and

0B (1, x)| + [0:0;b' (2, )| < k(1 + x|V~ ). (7)

Since b is locally lipschitz continuous uniformly on time, condition (5) ensures
existence and uniqueness of a strong solution to Eq. (4) with no explosion on [0, 1]
(see for example [4, p. 234]).

Example. The gradient of a potential with polynomial growth provides a typical
example of drift b satisfying (5)~(7): for any ie{l,...,d}, b'(x',...,x%)=
—Pi(x") + 27:1 a;x where the P; are polynomial functions of the form: P;(x’) =

ﬁ:ol o4 (x)* with a; vy 1 >0. The corresponding solution of (4) is called a gradient

diffusion.
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Lemma 2.2. Under assumptions (5), the Brownian diffusion solution of (4) admits finite
moments of any order. In particular,

P;,(sup |Xt|2N> < + o0. (8)
1€[0,1]

A proof of this lemma can be found for example in [4]. Let us note that Lemma 2.2
and assumption (6) imply that the classical entropy /4 of P, w.r.t. the Wiener measure
P* is finite since

1
h(Py; P¥) = P} (log (jﬁfg)) = %Pb ( /0 1b(t, X )2 dt> < 4 o0. ©)

In this paper, we adopt the following definition of entropy on #(Q) (cf. [6]) and
denote it by H
H(Q; P) = Q(h(Q*"; PYY)).

Let us note that here H(Pp; P) = h(Pp; P*)< + oo. Finiteness of entropy will be a
leading assumption through the entire paper, so that we now define the following set
of probability measures:

Pu(Q) = {0 € 2(Q) : H(Q; P) < + o0).

This set is natural in our framework: the most probable path that Schrodinger was
looking for (cf. [24]) turns out to be the unique minimizer of entropy w.r.t. Wiener
measure among a set of reciprocal processes. Finiteness of entropy has been crucial
in subsequent papers ([3,9,27] for instance). In the present paper, two consequences
of the finiteness of entropy assumption will play an important role. We state these
two results in the following proposition and refer the reader to [8].

Proposition 2.3. Let Q be a probability measure in Py(2). Then

() There exists an adapted process (B,)c.y Such that the process (X;— Xo—
Jo By d8),c0.1y is @ Q-Brownian motion and Q(fo 1p,1>dt)< + o0

(i1) Let u, (resp w) denote the law of X (resp., (Xo,X1)) under Q. Then, for y,
(resp., u) a.e. x (resp., (x,y)), the entropy H(Q*; P¥) (resp., H(Q™; P*)) is finite.

Furthermore, let us assume that the probability transition density of Pj, denoted
by p(s, x, t,y), satisfies the following regularity property:

(s, x)~>p(s,x,t,y) € C1’3([O; 1[x [Rd; R). (10)

It is clear that for each 0<s<¢<land x,y € R, p(s,x,t,y)>0 and also that the law
of X, is absolutely continuous w.r.t. Lebesgue measure on RY with strictly positive
density. We will also assume that for each 0<s<¢<1, the map

X)) =Py /Xy =x,X,=Y)

is continuous on R? x RY.
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Definition 2.4. The reciprocal class of Py is the subset Z(P;) of 2(Q2) defined by
HPy) = (Q € 2(Q) VO<s<I<1,0(/FV 7)) = Py(./ X X)), (11)

where the forward (resp., backward) filtration (# )¢ 1) (resp., (F Diefo.1)) 18 given by
T = 0(X,,0<s<1), (resp., F; = a(X;, t<s<1)).

Let us also mention the alternative definition of 2(P;) (see [11])

R(Py) = {Q e 2(Q):3ue 2R @R,

0= Pp(/Xo = x, X, :y),u(dx,dy)} (12)
RY x R4
which stresses the fact that any Q in #(P;) is a mixture of the bridges of P, or
equivalently, that the bridges of Q coincide with the ones of Pp.

As a consequence of (11), for any Q € #Z(Pp) and any 0<s<t¢<1, the filtrations
9']\/9”7 . and o(X,;s<r<rt) are independent under Q conditionally to a(Xj, X}).
Therefore, the coordinate process under any element of #(P;) is a Markovian field
w.r.t. the time index; it is also called a reciprocal process.

It is easy to see that any Markov process is reciprocal. Nevertheless, a reciprocal
process is not necessarily a Markov process; the Markov property may fail to hold
unless the law of (X, X|) enjoys some product decomposition. More precisely,
Jamison gave in [11] the following description of the subset Z\(P) containing all
the Markovian processes of #(P;) (see [23] for related results):

Am(Pp) = {Q € A(Pp) : Avg,v; o-finite measures on R,
Qo (X0, X1)"'(dx,dy) = p(0, x, 1, p)vo(dx)vi(dy)}. (13)

Due to historical reasons recalled in the introduction, the elements of Zy(Pp) are
called in the literature Schrodinger processes. The following theorem gives a
necessary and sufficient condition for a Brownian diffusion to be in the reciprocal
class of Pp. It was first proved by Clark following a conjecture of Krener.

Theorem 2.5. For any b € €2([0;1] x [Rd;A[R{d), let us define the [Rd-va_lyed (respec-
tively, R valued) function Fi(t,x) = (Fi(t,x)); (resp., Gy(t,x) = (G%”(t, X));;), as
Sfollows:

Fi(t,x) = @6+ 30,0517 + div B))(1, ), (14)
G(1,x) = @6 — 0B )1, ). (15)

A Brownian diffusion with drift b is in the reciprocal class of Py if and only if
(Fp, Gp) = (F}, Gp).

Proof of Theorem 2.5. We refer the reader to [5]. Let us simply mention that the
identity (Fp, Gp) = (Fj;, Gj) is equj{valent to the existence of a function />0 such that
0,h + ZL b'o;h +%Ah =0and b —b' =0; logh, forall 1<i<d. O
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Definition 2.6. The pair of functions (£, Gp) is called the Reciprocal Characteristics
of P[,.

In the sequel since b is a fixed data we drop the index b for simplicity: (F, G) denote
the reciprocal characteristics of Pp.

Proposition 2.7. Under the growth conditions (6) and (7) on the drift function b, the
reciprocal characteristics F and G satisfy the following inequality:

IK>0, Y(t,x)e[0;1]xRY, Vije{l, ... d}

|F'(t,x)| <K(1 + x|V,
|G (1, x)| + |div G'(¢, x)| < K(1 + |x|V).

Remark 2.8. The reciprocal characteristics associated to the Brownian motion, i.e.
corresponding to the drift b = 0, are obviously Fy =0 and Gy = 0. A subclass of
R(Py) has been explicitely computed in [1].

3. Integration by parts formula for a Brownian diffusion and its bridges

In the first part of this section, we establish two integration by parts formulae (IBPF)
satisfied by the d-dimensional Brownian diffusion P,. The coefficients of the first one
(identity (16)) are the reciprocal characteristics associated to this diffusion except for a
term involving the value at the terminal time. The form of his IBPF differs from the
one-dimensional case by the presence of additional terms, especially a stochastic
integral which admits for integrand the reciprocal characteristic G. It is easy to see from
Theorem 2.5 that G =0 if and only if b is a gradient, which is always the case in
dimension 1. The second IBPF (identity (18)) is a consequence of Girsanov theorem.
The second part of this section contains an IBPF satisfied by the reciprocal class of Pp.

3.1. IBPF satisfied by a Brownian diffusion

The following statement will be a key tool both for Theorem 3.4, where we exhibit
an IBPF satisfied by the reciprocal class Z(Py), and in the proof of Theorem 4.1.

Theorem 3.1. Let Py, be the d-dimensional Brownian diffusion solution of (4), where b
satisfies assumptions (5)—(7). Then the following integration by parts formula is
satisfied under Py: for any t € [0, 1], for any R%-valued step function g on [0; 1], for any
e Fandiell,... d},

Py(Dy®) = Py(@6(g')) — /0 ¢ (1) drPy(@bi(, X))

+ P, (<1> /0 ' g'(r) < / i <F" + % div G"> (t, X,)dt

+ / ' G'(1,X) dX,) dr). (16)
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Proof of Theorem 3.1. The fact that each term of the RHS of (16) is finite is due to
Proposition 2.7 and Lemma 2.2. The procedure that we follow for the proof of this
theorem is close to Lemma 4.2 of Roelly and Thieullen [20] for the one-dimensional
case. This is why we refer the reader to [20] for the details of the proof. We prefer to
stress the point where multidimensional and one-dimensional cases differ. Since we
want to deduce the IBPF for P, from the IBPF for P we have to handle the term
D i(log M};). By definition of the Malliavin derivative,

T d T )
D,(log M) = /0 g"(r)(b"(r,xmz / o1, X,)dX)
Jj=1 T

d T
-> / H(r,X,)@J/(z,ngz)dr. (17)
Jj=1 7T
Let us write
/ o (1, X,)dX, = / @b — ;b')(t, X ) d X + / o' (t, X ) dX.

This last stochastic integral appears in the development of b'(t, X;) — b'(r, X,) by Ito
formula. Using this development and the definition of (¥, G) in Theorem 2.5 it is easy
to check that

T T d T
Di(log M) = /0 g'(rdrb'(z, X)) — /0 g’(r)(Z / G"J(z,X,)dX;)dr
j=17r

—/ gi(r)/ (F’H—%div Gi)(t,X,)dldr.
0 r

In dimension 1 the matrix G vanishes and we only have to deal with integrals w.r.t.
Lebesgue measure. When d > 1 G will not vanish in general so we must also take into
account a stochastic integral. [

In the sequel, we would like to use the IBPF (16) for Brownian diffusion with

a drift not necessarily of polynomial growth. For example, in the next subsection we
will be interested in the bridges of P,. If one takes for instance b(¢,z) = —Az, which
satisfies conditions (6) and (7) with N =1, P, is then the Ornstein—Uhlenbeck
process. The drift b of its bridge between x and y can be explicitely computed

L _ A —A1-1)

b(t,z) = —/lz—i—m(y—e z).
It is clear that 5 does not satisfy condition (6). However the conclusion of
Theorem 3.1 still holds true under the set of assumptions (A1)—(A3) (which are
weaker than (6)) listed in the following proposition. We leave the proof of this
proposition to the reader.

Proposition 3.2. Let b € €"%([0; 1] x RY; R?) and © € [0; 1] such that H(Pj| 5 _; P| 7)<
+oo. Let Fj and Gy be the reciprocal characteristics associated to the Brownian



1686 S. Roelly, M. Thieullen |/ Stochastic Processes and their Applications 115 (2005) 1677-1700

diffusion Pj. If the following conditions are satisfied:

(A1) b(z, X,) € L'(Py),

(A2) [)IF;+5div Gyl(r, X ) dr € L'(Py),

(A3) [y 1G{(t, X )P dt e L'(Py) Vijell,....d)

then the integration by parts formula (16) still holds true under Py .

Let us now establish another integration by parts formula satisfied under P; where
the drift 5 appears instead of the reciprocal characteristics (F; 5 Gp).

Theorem 3.3. Let P; € Zu(Q) be, as before, the Brownian diffusion whose drift b is
assumed to belong to ‘601([0 1 x R:RY). Let te[0:1]. If for ie{l,....d),
fo |0; b(t X,)>dt belong to L' (Pg), then for any R?-valued step function g on [0, 1],
forall ® € &,

Py(D;®) = Py(®3(g') — P; (qﬁ /0 J ()b (s, X ) ds>
_P; <q5 / ") / ' 3" 0 (p. X)X, — F (p. X,) dp) ds>. (18)
0 K 7

Proof. We denote by M; the Girsanov density of P; w.r.t. P where P = Py is the
Wiener measure whose initial law is the law of X(0) under P;

d T, T
M,;:exp(Z /0 El(t,X,)dXﬁ—% /0 |b(t,X,)|2dt>.
i=1

Given a smooth truncation function y, with bounded derivatives on R satisfying

ndi—n—tpr1 = —(n 4+ Dlj_oo —p—1p + (1 + D1}t oo
an[fn,n] = Id.][,n,n]. (19)

We set M} = exp(y,(log M;)). Then 0SM;<M; + 1 and if P; denotes the positive
measure on C([0; T] x RY) with Radon leodym dens1ty M;w. r t. P, the integration
by parts formula (1) for P yields
P(M3D,i®) = P(PM (g’ ) — P(®D i M7)
= P(® M3i(g' ) — P(®M;D,i(log MY)). (20)

It is sufficient to verify that each term of this identity converges by dominated
convergence theorem. [

A duality formula such as (18) has been proved under stronger integrability
assumptions on the drift b in [21], formula (1.8).
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3.2. IBPF satisfied by the bridges of a Brownian diffusion

We now come to an IBPF satisfied by all the elements of Z(P;), the reciprocal
class of Pp. Let us recall that (F, G) denotes the reciprocal characteristics of Z(Pp).

Theorem 3.4. Let Q be a probability measure in #y(Q). Let us moreover assume that
assumption (A0) holds: sup,cp.;| Xl € L*N(Q).

If Q is in the reciprocal class of Py, then for any function g € &, N® € &, for all
ie{l,...,d}, the following integration by parts formula is satisfied:

. . V| ,
O(D,i®) = Q(Pi(g')) + Q(@ /0 g'(r) / (F’+§div G’)(z,X,)dtdr)

1 1
+ Q<q') /0 g'(r) / Gi(t, X,)dX, dr). Q1)

Remark 3.5. (1) As mentioned in Proposition 2.3, H(Q; P) < + oo ensures that X'is a
Q-semi-martingale; it is therefore meaningful to consider the stochastic integral
[ G'(t, X,)dX, under Q.

(2) Formula (21) reads like a perturbation of formula (2) for Brownian bridges.
The perturbation term can also be written as

1 1 1 1
Q(@/O gi(r)/r Fi(t,X,)dtdr> +Q<d5/0 gi(r)/r Gi(t,X[)odX,dr>,

where in the second term, the stochastic integration is of Stratonovich type; this
expression reflects the symmetry of the reciprocal property under time reversal.

Proof of Theorem 3.4. Let us denote by u the law of (X, X';) under Q. We first prove
the IBPF for p-a.e.(x,y) and the probability O™ := Q(-/X¢ = x, X1 = »). In order
to do so we first prove that we can apply Proposition 3.2.

For p-a.e. (x,y) the integrability condition (AO0) still holds true under Q™ and
H(Q™; P*Y)< 4 oo (cf. Proposition 2.3); therefore H(Q™| 7 ; P*|7 )< + oo for
any 1<1. Let us fix such an (x, y). Since Q belongs to the reciprocal class of Py, for
any 7 € [0; 1] the restriction of Q% to C([0;7]; R) is the law of the Brownian
diffusion P starting from x with drift

b(t,z) = b(t,z) + 0. log p(t,z,1,y)

and in particular F; = F, G; =G on [0;7] x R. By assumption (10), b e C'?
([0; 1[xR?: R). We also have to check assumptions (A1)~(A3) of Proposition 3.2
on b, F and G: assumption (A1) has not to be considered here since we test on
functions ¢ € &,. Assumptions (A2) and (A3) are satisfied since (A0) is assumed and
F and G satisfy Proposition 2.7. Therefore IBPF (21) holds on [0,7] under O™ for
w-a.e. (x,).

The second part of the proof consists in passing to T = 1. Let us simply sketch the
argument. Let @ € & be # -measurable, and g € &. Since @ € &, there exists a
function ¢ and a real number 7<1 such that

DX)=p(x,X1,.... X0,y), O%-as.
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Let n be large enough so that 7<1 —% and ¢ is constant on [1 — %; 1[. Let us set

1
=gl + dr |1 .
=1 ”(/lf(” ) 313

By construction g, is a step function on [0,1 — %] and its integral is equal to zero.
We apply the IBPF (21) for Q™ to the pair (®,g,) on [0,1 —i]. It is now
straightforward to verify that each term converges when n tends to infinity. By
integrating in (x,y) over u, we conclude that the desired IBPF also holds true
for 9. O

4. Characterization of a reciprocal class by an IBPF

Our aim is now to establish the converse statement to Theorem 3.4. More
precisely, we want to show that the integration by parts formula (21) characterizes
the regular reciprocal processes belonging to #(Pp). Actually, since we previously
had to introduce the regularity condition (10) to obtain enough smoothness for the
semi-martingale characteristics of bridges, we also have now to consider probabilities
which a priori satisfy some regularity conditions to be able to write down the IBPF.
These conditions are listed below:

(H1) Conditional density: regularity, domination.
(H1.1) VO<t<u<1,¥(x,y) € R? x R, there exists a function g s.t.

O(X, € dwlX, = x, X1 = p) = q(t, x,u,w, 1, p) dw.

(H1.2) VO<u<1,Y(x,y) € R? x R?, ¢(0, x,u,w, 1,y)>0.

(H1.3) VO<u<1,V(w,y) € RY x R?, the map (t,z)r q(t,z,u,w,1,p) is in
Ch([0, I[xR%; R).

(H1.4) for all 0<t<1,¥(z,z) € [0;7] x R?, there exists a neighborhood 7~ of
(¢,z) and a function c/) 4(u,w, 1,y) such that whenever 0, denotes 0y, 0.« o
oraszorkle{l ,d} it holds:

Sup(me;flaxq(s S u,w, 1 ISPy, w, 1,p),
and [§ [a(1+ 1w*)d,(u,w, 1, y)(1 + Dy l)y 4y dy < + oo.

q(0,x,u,w,1,y)
(H2) Integrability condition on the derivatives of the conditional density.
Let 0<s<t<1.

(H2.1) [ [ra 10240, X gy, w, L, XDI(L + [w*Y)dwdu € L'(Q), where 0, de-
notes 0 oramforkle{l Ld}.
(H2.2) [T [oa 1O kq(s Xy, u,w, 1,X1)|(1 + 1wy dwdu € L*(Q).

(H23) [T fR,,(1+|w|2N)%+;X;dwdueL (Q), where 8, denotesd,,d.
or 0 ek /



S. Roelly, M. Thieullen |/ Stochastic Processes and their Applications 115 (2005) 1677-1700 1689

Theorem 4.1. Let Q be a probability measure in y(Q). Let us assume that Q satisfies
assumptions (H1), (H2) and (A0). If the IBPF (21) is satisfied under Q then Q is in the
reciprocal class of Py.

The proof of this theorem is decomposed into the following four different steps.

Step 1: Each bridge O™ of Q is a Brownian diffusion with drift 5™ given by an
expression of the form (22).

Step 2: Each drift b is regular enough to compute the reciprocal characteristics
F* and G* of Q™.

Step 3: O satisfies an IBPF of the type (16) with its own reciprocal characteristics
F* and G™ as parameters.

Step 4: Q% also satisfies an IBPF of the type (21) but with reciprocal
characteristics F and G as parameters. Therefore F* = F and G = G, which
implies that all the bridges of Q and P, are equal.

Proof of Theorem 4.1. Step 1: Let u be the law of (X, X|) under Q. By Proposition
2.3, X under Q is a Brownian semi-martingale. Moreover, the semi-martingale
property is stable by conditioning and therefore for p a.e. (x,y), X under O™ (resp.,
under both probabilities O (-/F ) and 0*’(-/ X)) is a Brownian semi-martingale,
whose drift, denoted by »*, will be now computed.

First, let us prove that 0 is Markovian. Notice that, for s fixed in [0, 1[, applying
IBPF (21) to the following functions : & Z ;-measurable, g = § — ﬁfj g(rydrl 1,
one obtains easily that the drift of X at time r € [s; [ is under Q*'(-/F) (resp.,
O™(-/Xy)) given by Q3 (U,/#,) (resp., Qy/(U,/#,)) where Q7 (resp., QY]
denotes Q*(-/F) (resp., O™ (-/ X)) and

) Xll—Xl 1 : 1 ) 1 1 1 ) 1 )
1 1l 1 1 1
UFﬁ‘(/ ”pdl’+/ Updxz))+ﬁ/ (/ ”qd‘l+/ “quq)dl’
r r r V4 V4

with i}, := (F' +1div G')(p, X,) and v = G"(p, X,,).

But it is straightforward to check that for any r>s, 03 (-/7,) = Qy'(-/7 ). Thus
(X,,r € [5;1]) has the same drift under Q% and Qy’. It is therefore a Markovian
Brownian diffusion under O, whose drift at time ¢ is equal to

A y—Xi 1 1
b (1, X 1) = 17[ - oY (/ u'(p, Xp)dp + / v'(p, Xp) dX,,/X,)
t t

t

1 7 1 [ 1 ;
s ([ (] wexpde+ [, apx,)

(22)

with u/(p, X)) = (F' + 1div G')(p, X,) and v (p, X)) = G (p, X ).

The other steps amount to show that each bridge 0 is equal to (P,)™ so that,
once we mix them up under p to get Q = [, pa O 1(dx dy) the probability that we
obtain is indeed the law of a reciprocal process.

Step 2: We now come to an important point: to establish the regularity of 5™, in
such a way that we can compute F*¥ and G, the reciprocal characteristics of 0.
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More precisely, we will show that under the assumptions (H1), for u a.e. (x,y), the
map (¢,z)— b¥(1,z) € C*2([0, 1[xRY; R). For this purpose the relevant expression
for b is the following (it can be proved by the same argument as in Step 1: for any
(t,z) € [0; 1[xR? and 7 €], 1],

X,yXi_th: T T
Q ( TT_Z{ Z)_QX,}’(/[ ul(p»Xp)dpJ’_/t UI(P,Xp)pr/Xt>

1 T T X T X
Sov ([ ([ wexoda+ [ v xgax,)a.).

(23)

bt 2) =

Let us first notice that this implies the equality between b™(z,z) and

1 . . T .
(/ wq(t,z,T,w, 1,y)dw — Z’) - / / T'(u, w)q(t, z,u,w, 1, y)dwdu
T—1 Rrd t R4

1 T T X
+ / / / I'(u,w)q(t, z,u,w, 1, y)dwduds, (24)
T—1 t K R4

where I'(u,w) := (F' + 1div G’ + G'.6™)(u, w). Indeed, by the same argument as in
Step 1, X is also Markovian under Q@+ := Q(-/X; =y). Therefore, for any
0<t<u<1 and any regular function 4,

OYu, X))/ X, =2)= Q0 (h(u, X))/ X, =z) = /[qu h(u, w)q(t, z,u, w, 1, ) dw.

We want to differentiate under the integral signs of (24). Using assumptions (H1.3)
and (H1.4), it is sufficient to check that

/ /d [T (u, w) -, w, 1, ) dwdu< + oo
o Jr

which under (H1.4) reduces to the condition

|16 wmlio™ i, 1.3y dwdu< + .
0 JRA

Let us divide and multiply the above integrand by ¢(0, x,u,w, 1,y); by Cauchy—
Schwarz inequality w.r.t. the finite measure ¢(0,x,u,w, 1,y)dwdu we obtain the
following upper bound:

Z </ / |G (u, w)|? Lm0 ¢, 1,y)" dwdu) 1()),
‘= q0, x,u,w, 1,y)
where 1(j)*= o Joa 1677, w)Pq(0, x,u, w, 1, p) dw du= Q™ [ 167 (u, X,))|* du which
is finite since H(Q™| 7 ; P*’| 7.) < + oo. For any j the coefficient of /(j) is also finite
by assumption (H1.4) and Proposition 2.7.

Step 3: We now assume that Q satisfies the set of assumptions (H1)-(H2) and (A0).
Then Vr<1, for u ae. (x,y), Q% restricted to the interval [0;7] satisfies the
assumptions of Proposition 3.2. The proof of this assertion makes no difficulty using
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the same arguments as in Step 2. Details are left to the reader. Therefore the
following IBPF holds true with (F, G*) denoting the reciprocal characteristics of
O forallge &, VO € ¥, VI<i<d,

0@ = 0 @i + 0% (o [ [P+ aiver ) xarar)

T d T
+ov (qs /0 0 [ G””"(r,xz)dxzdr) (25)
=1

r

Step 4: At this stage we have proved that O satisfies two IBPF. The first one has
been obtained in Step 3; the other one is the conditioned version of the IBPF (21) for Q:

1 1
O™(D,i®) = Q(P5(g") + Q”((D / g'(r) / (F" +% div G") (t, X)) dtdr)
0 r

1 1
+Q"’y<<15 /0 g(r) / Gl’(z,Xt)dedr) (26)

Both IBPF hold true for u-a.e. (x,y), anyt<1,g € &, V® € &, VI <i<d. In this last
step of the proof we will conclude that Q belongs to the reciprocal class of Pj. In order
to do so it is sufficient to prove that for p-a.e.(x,y) the pair of functions (F¥, GY)
coincides with (F, G). This will be a consequence of the following Proposition.

Proposition 4.2. Let Q be a probability measure on C([0;1];R?) and B be a d-
dimensional Q-Brownian motion. Let u= (), (resp., v= (v”)ij) be a continuous
process on [0;t] with values in R? (resp., R®?). Let us assume that for all
ief{l,....d}, [ylullds+ sup,coql fot vl dBy|> € L'(Q) and Vg € &., Y® € -, for all
iefl,...,d},

Q<¢/Ofgi(7)</ru§dS+/Tzd:vf{dBé)ds) —o.
: 2

Then the two processes u and v are equal Q-a.s. to the constant 0 on [0;1] .

Proof of Proposition 4.2. Let us denote by & the set of step functions on [0; ] with
values in the set of rational numbers whose jump points are all rationals. & is a
countable set. Let ge 2 and ¢<t be a rational. Let us define §(r)=
(g{(}:) - % f(; g(s) ds)1jo,q(r). By construction g is a step function on [0; 7] and satisfies
Jo Gy ds = 0. Therefore

t t t d
0—as. / ) </ u’s ds + / Z Uij ng) dr=0.
0 r r=l1

By Fubini’s theorem this implies

Q—a.s./ofu;(/oséi(r)dr>ds+/Otzd: U?(/J&’(r)dr)dB’s' =0.
=

J
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Ito formula implies that Q a.s. for any g€ ¢ and any ¢ rational, f(; %(g(s) —
LS g@rydr) [y rul drds is equal to fj1(g(s) — 1 [J g(r)dr) [; rvl dB, ds. These are two
processes continuous w.r.t. . Thus the identity holds for any ¢ €]0; 7[. Differentiating
w.r.t. t we obtain for any g € & and ¢ €]0; [,

1/)‘ ) /t . d /t . .
—— Ldr ru, dr — rv/ dBL | = 0. 27
(g, ()¢ <0 ; i 27

Let us now take for O<a<t<t, ¢ := Ll + 21}, For such a choice (g()—
L[5 g(r)dr) = 9>0. Therefore the process ([ ruldr— [jrvi¥ dBl), .y is a.s. equal
to 0 which proves that u=0and v=0a.s. O

We must therefore check that Q™ satisfies the assumptions of this theorem. Let
us set

Ul = (FW +5 div G+ ny”.b'”> (s, Xy), o\ = G¥(s, X,),

U = (F’ ) divG' + G"’bxy") (5, X,), v =Gl(s, X))

In accordance with the notations of Proposition 4.2 we also define

u = — D7 and o = (DY 2
As a result of the work already done in Steps 2 and 3, it is easy to see that Theorem
4.2 applies to (u,v) which are therefore Q*”-a.s. equal to the constant 0. This is
equivalent to the identity

09 as. Vse[0;1[ (FY,G)s X,) = (F, G)(s, Xy). (28)

Since any X, has a strictly positive density w.r.t Lebesgue measure on R?, the
functions F*(s, x) (resp., G*(s,x)) and F(s, x) (resp., G(s, x)) which are continuous
in (s, x) coincide on [0; 1[xR“. This ends the proof of Theorem 4.1. [

5. Application to gradient diffusions

In the previous sections our data has been a reference drift function b(¢, x). In the
present section, we characterize the fact that b is a gradient w.r.t. the space variable
using the tools of IBPF satisfied by reciprocal processes which we have developed in
the preceding sections.

As before the reference drift » belongs to %'2([0;1] x RY;RY) and satisfies
assumptions (5)—(7) and we consider probability measures on the path space
satisfying some a priori regularity to make sense to the IBPF. For Q a probability
measure on the path space, we denote by p, its projection at time 0.
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(#1) Conditional density; regularity, domination:
(#1.1) for py ae x, VO<t<u<l,V(x,z) € R x RY there exists a strictly
positive function ¢* such that

OX,edw|lXg=x,X,=2)=q"(t,z,u,w)dw
and the map (z,2) — ¢*(t, z, u, w) is in C**([0,u] x RY; R)

(#1.2) YO<t<1,¥(1,2) € [0;7] x R?, there exists a neighborhood 7 of (,z)
and a function ¢, (u, w) such that whenever 0, denotes 0,,0.x or O
for k,l € {1,...,d} it holds

Sup |azqu(sa 59 u, W)' < ¢t(u> M))a

(s,9)e?”
1
/ /4 ¢ -, wy(1 + w*N)ydwdu< + oo.
0 Jm

(°2) Integrability conditions on the derivatives of the conditional density
(#2.1) fol Jpd 18267, X yu, w)I(1 + [w*)dwdu € L'(Q¥), where 9, denotes
al, azkzl for k,l (S] {1, e ,d}

(#2.2) [y Joa 106q7 (6 X s w1+ PNy dwdu € LX(Q).

Theorem 5.1. Let Q be a probability measure in Py(Q) which satisfies the conditions
(1) and (A°2) and (AO). If the following IBPF holds under Q: for all g step function
on [0,1], V& € &, for alli € {1,...,d},

O(D,®) = Q(®3(g') — Q(Pb(1, X 1) /0 G dr+ Q((P /0 40 / Fi, X,)dzdr)
(29)

then b is a gradient and Q is in fact equal to the law of a gradient Brownian diffusion
with drift b.

Remark 5.2. (1) The conclusion of the above theorem is, in other words, that the
canonical process under Q satisfies Eq. (4) (i.e. dX, = dB; + b(¢, X;) d¢) but its initial
condition is not necessarily deterministic.

(2) It will be proved below that, due to the “terminal term” or second term in the
RHS of (29), the coordinate process under Q is not only reciprocal but Markovian.
Moreover, the fact that there is no term containing the stochastic integral of
some function G as in the general formula (21) will imply the gradient property of
the drift.

Proof of Theorem 5.1. The proof is divided in two steps.

In Step 1, we prove that, for yy-a.e. x, Q" is a Brownian diffusion, whose drift is
denoted by b*. We also prove that its reciprocal characteristics (F~, G*) coincide with
(F,0).
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In Step 2 we prove that b is a gradient and conclude that X under Q is a Markov
Brownian diffusion solution of dX,; = b(¢, X,)dt + dW,, where W is a Brownian
motion.

Step 1: We can adapt Step 1 in the proof of Theorem 4.1 in this simpler situation
(G =0) and obtain that for yy-a.e. x, Q" is a Brownian diffusion, whose drift
b (r, X,) is given, for any r<1, by

| o . T 1
m(Q‘(Xa—X:./m / Q”( / F’(q,Xq)dq/Xr)dP)

1 .
o ( | o Xp)dp/xr). (30)

Now, the key tool in order to identify (F*,G*) with (F,0) will be to apply
Proposition 4.2 to Q. In order to do so, we must first prove that Q* satisfies at the
same time two IBPF. The first formula is an immediate consequence of identity (29)
for Q. Indeed, if in (29) we take & = (X )@ and g step function on [0; 1], we obtain
for uy-a.e. x, Q*(D,®) is equal to

1 1 1
0¥ (3(g")) — 0(@b(1, X)) /0 S dr+ O (@ /O s | Fl(r,xadzdr).
G31)

The second formula will be obtained when we have shown that QF satisfies the
assumptions of Proposition 3.2 on each interval [0;7], <1. Let t<1 be fixed and
1 <i<d. Let us recall that b*'(z, X ;) is equal to

Q'(X| — XI/X)
1—1

0" < / P x,) dp/Xf)

1 1 L
+1—‘E Qx</ Fl(q»Xq)dQ/Xr)dp-

—1/. A
From assumption (A0), which is still true under Q*, we deduce that for y, —a.e.x,
O (16™'(z, X)) < + oo. From now on we restrict ourselves to the set of x such that
this holds. In order to satisfy the assumptions of Proposition 3.2 it is sufficient that
for all i,j € {1,...,d}

(i) b* € CM*([0:7] x R RY), ’ )
(i) the two integrals [ |F™ + 1div G*'|(1, X,)dr and [; |G*¥(¢,X,)|*d¢ belong to
L'(QY).

All the necessary arguments have already been developed in detail in the
proof of Theorem 4.1, Steps 2-4. Here the situation is even simpler since
there are no terms in G in the expression of b*. For this reason, we do not
write down the details but refer the reader to the proof of Theorem 4.1. We
conclude that for py-a.e. x, any #.-measurable @ in &, and any step function g
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on [0; 7],

0(D,i @) = Q¥ (93(¢") — Q" (PH™(z, X)) /0 g'(rdr

+ Q" <d5 /OT g'(r) </'T <Fx”é div G"”) (¢, X;)dt
d T X
+> / GY(1, X,) de,) dr). (32)
Jj=1 77

Let us now restrict to step functions g € &,. Then comparing expressions (31) and
(32) one obtains:

o' (gb/ g / Fl(, X)) dt d’) =0 <¢ / o) [ (L div eI, X[)dfd’")
0 r Jo Jr 2

T d T . )
+Q"'<<1§ /0 g’(r); / Gx*’f(t,X,)dX’,dr)

Since the processes ui(X) = (F* +1divG™ + G*.b* — F')(1,X,) and J(x) =
G*Y(t, X,) satisfy the assumptions of Proposition 4.2, we conclude that they are
equal to zero dtdQ*-a.s. These assumptions are indeed satisfied as a consequence of
conditions (i) and (ii) above and Proposition 2.7 for F. This yields for uy-a.e. x:

Q0" as., Vtelol, (F(t, X)), G(t, X)) = (F(t,X,),0). (33)

We conclude as in the proof of Theorem 4.1 Step 4 that G* =0 and F* = F. This
implies that Q" is a gradient diffusion, but this is not sufficient to conclude the same
for Q, since we do not yet know that Q is a diffusion.

Step 2: In the present step we prove that b is a gradient, that is there exists a
function ¢ defined on [0; 1] x R?, differentiable in the space variable, such that for all
iefl,....d},(t,y) €]0; 1[xR?,b'(1,y) = 0;p(t,y). The key tool will again be the
identification of two IBPF for Q*. Let us fix 7 € [0;1[. The assumption of finite
entropy for Q and assumption (#°2.2) imply that Proposition 3.3 applies to Q| ,
and provides the first of the two IBPF we will consider: for any @ € %, and any step
function g on [0; 7], 0*(D,i ®) is equal to

T d T . .
0'(@i(g) - 0" (45 /0 g"(s><b“(s,xs)+z / a,»bx’f(p,Xp)dB;,>ds>, (34)
=1

where B is the Q'-Brownian motion equal to the martingale part of X under Q.
The second IBPF for Q¥ is (31). Ito formula for ' under Q° and Theorem 2.5
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yield for any s<7t

d 1
b’(l,Xl) :b’(S,XS)—FZ / ajbl(stp)dB,{?
= s

1 d
+ / (Ff +% divG' + G'b > o/ (b — H)) (., X,)dp. (35)
K j=1

We now plug (35) into (31) and look at the difference of the obtained IBPF with (34):
for any @ € &, and ¢ with support in [0; 7],

Qx (@/) gl(s) ((bl _ bx’l)(S, XS) + 1 u[’) dp + /ZZI 1 (a,‘bl _ a,‘bx,]) dB;)) dS) =0,

(36)
where u/(X) = (divG' + G'.b* + 2;’:1 ot/ (b — b))(p, X,). This implies
(b — b5, X,) + / Q Wl F)dp+ ) / @' — ;) dB], = 0 (37)
N j=1 s

for any s €]0; 1[, O -a.s. Taking the expectation w.r.t. O and the filtration 7, yields

1
Vie{l,...,d}, (' —b")(s,X,)=— / Q" (u, /7 ) dp.

We thus conclude that (b' — b™) is a bounded variation process. Its martingale part
is therefore equal to zero which is equivalent, using Ito formula, to

Vije(l,...,d} 9b'(s,X,) = ;b (s, Xy). (38)
Let us fix (/). Since b* is a gradient 9;b*" = 9;p and therefore, for all s €]0, 1[,
0;b'(s, X5) = 0;b/ (s, Xy) which implies that b is also a gradient. Moreover, identity
(38) also implies that the function (' — b™')(z, y) is independent of y. Let us denote it
by @/(t,x). Since b is a gradient, G = 0 and u/(X) = 3¢, 3;/(b"/ — /)(p, X ). From
(37) we then conclude that a/(z, x) solves the following integral equation:

1 d
¥ 01l Q'as. dlsn) = [ Q*‘(Z aiu(p,Xp)%)c/(p,x)dp. (39)
s J=1

Equivalently we have obtained that for u,- a.e. x and Q*-a.e.w, the vector-valued
function a(¢, x) solves the linear system

%a(r, x) = M(t,w)a(t,x), (1,x) €]0; [[x R,

where we have denoted by M (¢, w) the matrix with entries (8;6/(7, X (w))).
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This set of conditions is obviously satisfied when each function a’ is constant equal
to zero. We now prove that this is the only possible case. This will be a consequence
of the following lemma.

Lemma 5.3. With the above notations, for any t<1 and all i € {1,...,d},

1
o (b"(l,Xl)— / Fi(t, X,)dz/%) = b"(1, X,).
Proof of Lemma 5.3. Let g be a step function on [0;7]. We do not assume that
fOT g(r)dr=0. Let ®e.%,. Taking into account that (F¥,G*)=(F,0) and
comparing (31) and (32), for (@, g), we obtain the following identity:

1 T
Q*((D(W(I,Xf)—(bi(l,Xl)— / F’(t,X,)dt))) /O g'(r)dr=0.

We immediately conclude since this identity holds for any &,¢9. O

Lemma 5.3 implies that lim; ~ P, X)) =b'(1, X)) in LY(QY). Since di(t,x) =
(" —b*)(t,X,) and t~> b(t,X,) is continuous at r=1, we conclude that
lim; ~; a(t,x) = 0 and the only solution is a(?,x) = 0. We have now proved that
for py-a.e. x, forall 7 €]0, 1,y € R?, b(t,y) = b*(t,y). This enables us to conclude that
X under Q is a Markov Brownian diffusion solution of dX, = b(t, X,)dt 4+ dW,
where W is a Q-Brownian motion. [J

Our second application deals with a generalization of a result of Kolmogorov
[12]; this famous result states that a Brownian diffusion with drift b, supposed
time-homogeneous, is reversible if and only if 5 is a gradient. Here, we only
require that there exists one reversible law in the reciprocal class of P,. Furthermore,
the drift b is not supposed to be time-homogeneous and may depend on time.
Let us recall that a reversible law Q on the path space Q is a probability
measure which is invariant under the time reversal map R defined on Q by R(X), =
X, t €[0,1].

Theorem 5.4. Let us assume that the reciprocal characteristic G of Py is time-
independent. Furthermore, suppose that there exists a probability measure Q in Py(Q2)
in the reciprocal class of Py which is reversible and satisfies the integrability condition
(A0). Then there exists a function ¢ such that

vxe R ie{l,....d}, b'(tx)=—do(tx).

Furthermore, if Q is a Brownian diffusion with drift b, then b is time homogeneous and
Q is equal to [pa Py(./ X0 = x)exp(—2¢(x))dx up to a renormalizing factor.

Let us notice that the reciprocal characteristic G is time independent whenever the
drift b is time homogeneous but these two properties are not equivalent: choose for
instance, in dimension 2, (b1, b2)(t, x) = (x2 + (2, x1), —x1 + (¢, x2)).

Example. Let us consider the particular drift function b;(x) = —Ax (the gradient of
the potential @(x) = —%/1|x|2). In [20], Section 5 (cf. also [16,19]), we considered the
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law Q € 2(Q) of the solution of the following s.d.e.
dX[:dB[—iX[dt, X():X]

The process Q, called periodic Ornstein—Uhlenbeck process, is reciprocal and we
proved in [20] that it belongs to the reciprocal class of the (Markov)
Ornstein—Uhlenbeck process Pp,. Q is a particular Gaussian mixture of periodical
bridges of Pj,. The probability Q is reversible since it is a zero mean Gaussian
process with stationary covariance function. So it provides an example of a non-
Markovian reversible law in the class of the diffusion P;,. The above example proves
therefore that if b is a gradient there can exist more than one reversible process in the
reciprocal class Py, one being a Markovian diffusion with drift » and others which
are reciprocal but not Markovian.

Furthermore, the (Markovian) stationary Ornstein—Uhlenbeck process Pj,, which
satisfies the same s.d.e. as above but with initial law on RY the centered Gaussian one
with variance ﬂ, is the unique reversible process inside among all Markovian
processes in the reciprocal class of Pj,. Indeed, by the definition of Zn(Pp,) given in
(13), a Markovian reciprocal process in this set is determined by two measures vy and
vi. If it is reversible, vy = v;, therefore its distribution at time 0 determines it
uniquely. Since we have already exhibited one reversible element of Zy(P,), i.e. Py,
it is the unique one in Zn(Pp,). '

Proof of Theorem 5.4. By assumption, Q € #(Py) and Theorem 3.4 applies. So
IBPF (21) is satisfied under Q. Since Q has a finite entropy, it is a Brownian
semi-martingale and, as indicated in Remark 3.5, IBPF (21) can be rewritten
as follows

1 1 1
Q(Dgf<15)=Q(<P5(g"))+Q(¢ /0 g"<r)< / Fi(e, X0 dr + / Gf(X,)odX,>dr>
(40)

forall e ¥, ief{l,...,d} and g € &. Let Q denote the image of Q by the time
reversal mapping R : Q Qo R Since for all ® € ¥ and g€ &, (Dy®@)oR =
—Dy(® o R) where g = go R, one obtains from (40)

OD,i®) = — QD;i(® o R))
= - Q(@oR)a(a'))—Q((@om / G / Fi, X,)dzdr)
0 r

1 1
—Q<(¢oR) / §'(r / G"(X,)odx,dr)
0 r
) R 1 ) 1 . 1 )
:Q(@é(g’))+Q(q§/0 g(r)(/r F(l—t,X,)dt—/r G(X,)odX,)dr).

(41)

Now recall that Q is supposed to be reversible, that is Q: Q, which implies
that Q also satisfies Eq. (41). So, under Q, both equalities (40) and (41) hold,



S. Roelly, M. Thieullen |/ Stochastic Processes and their Applications 115 (2005) 1677-1700 1699

which implies: V@ € &, for alli € {1,...,d} and g € &,

Q(cp /0 1 g"(r)< / 1F"(z, X,)dt + / 1 Gi(X,)odX[>dr)
= Q(@/O1 g[(r)(/rl Fi(l —t,X,)dt — /rl Gi(X,)odXt> dr).

By Proposition 4.2 necessarily G = —G which means that the characteristics G is
equal to 0. This last sentence is equivalent to the fact that the function b is a gradient:
b(t,x) = —Vo(t, x).

Moreover, if Q is a Brownian diffusion with drift b (with finite entropy), its time
reversal is a Brownian diffusion with drift b (cf. [8]). The reversibility assumption
thus implies that b = b and does not depend on time. Now, it is well known that the
measure with density exp(—2¢(x)) with respect to Lebesgue measure, taken as initial
law, makes the Brownian diffusion with drift b = —V¢ reversible. It is furthermore
the unique one, up to a multiplicative constant. The conclusion follows. [

Remark 5.5. (1) The identities
v €l0, 1 F(r,)=F(1—1t.) and G(1,.)=—-G(1—1.) (42)

were proved by one of us in [25], Proposition 4.5, using the explicit expression of £
and G as functionals of the reversed drift. They reflect the symmetry of the reciprocal
characteristics under time reversal. In the Markovian case the drift does not feature
such symmetry (cf. [9]).

(2) In the general case, if Q is a probability measure in Z(Pp) N Zu(L2), not
necessarily reversible, whose time reversal Q is regular enough to define the “reversed
reciprocal characteristics” F and G, we could also derive identities (42). As in the
proof of Theorem 5.4, the argument would rely on the identification of two IBPF
satisfied by Q
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