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Ultrametric spaces Ty
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» (X, d) proper (= closed balls are compact) metric space is called
ultrametric if instead of the triangle inequality it satisfies the
stronger ultrametric inquality

d(x,z) <max{d(x,y),d(y,z)} forall x,y,ze X.
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Ultrametric spaces

» (X, d) proper (= closed balls are compact) metric space is called

ultrametric if instead of the triangle inequality it satisfies the
stronger ultrametric inquality

d(x,z) <max{d(x,y),d(y,z)} forall x,y,ze X.
» every ball
Ba(x,r) = B(x,r) ={y e X: d(y,x) <1}
is open and compact, and

B(x,r) = B(y,r) forevery ye B(x,r).
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Ultrametric spaces

@000

(X, d) proper (= closed balls are compact) metric space is called

ultrametric if instead of the triangle inequality it satisfies the
stronger ultrametric inquality

d(x,z) <max{d(x,y),d(y,z)} forall x,y,ze X.
every ball
Ba(x,r) = B(x,r) ={y e X: d(y,x) <1}
is open and compact, and
B(x,r) = B(y,r) forevery ye B(x,r).

Na(x) =1{d(x,y) : y € X, y # x} is countable,
discrete in (0, ). r e Ag(x) = diam B(x,r)=r
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Examples Ty,
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> X = G =J G, direct limit of finite groups
Gn C Gpy1, Go = {id}
d(x,y) = min{n: x'y e Gy} discrete, non-compact
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Examples p i)
> X = G =J G, direct limit of finite groups
Gn C Gpy1, Go = {id}
d(x,y) = min{n: x'y e Gy} discrete, non-compact

> X = Qp field of p-adic numbers (ring, when p is not prime).
d(x,y) =I|x—-ylp non-discrete, non-compact

X =Z, ring of p-adic integers  non-discrete, compact
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Examples Ty,
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X = G =J G, direct limit of finite groups
Gn C Gpy1, Go = {id}
d(x,y) = min{n: x'y e Gy} discrete, non-compact

X = Qp field of p-adic numbers (ring, when p is not prime).
d(x,y) =I|x—-ylp non-discrete, non-compact
X =Z, ring of p-adic integers  non-discrete, compact

X = space of all rooted graphs (', 0) with deg(.) <M
d(r,r = 1/max{n :T(o,n) = F’(o’,n)}

(o0, n) = n-ball in graph metric) non-discrete, compact

Subspace of rooted trees with  deg(.) <M
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Example 1: tree

Every proper ultrametric space is the boundary of a tree !

o

T AY

X =0T; d(x,y) =2 compact, no isolated points.

®0 Section 1
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Example 2: tree Ty
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X =0d'T non-compact, no isolated points

° Section 1 5/16



Selection of previous work Ty

2 University of Tec

Previous constructions of “Laplacians” and processes on ultrametric spaces:

TasLEson (1975) “Taibleson operator”: spectral multiplier on Qg .

Viabimirov (1988) “Vladimirov Laplacian” on Qg : sum of p-adic fractional
derivatives (spectral multipliers) on factors Q.

KocHugel (2001 book) analysis of Vladimirov Laplacian.

FicA-TaLamanca (1994) and Der Muto anp FigA-Tatamanca (2004, 2006), also
BaLbi, CasAbio-TARABUSI AND FiGA-TALAMANCA (2001) use harmonic analysis to
construct processes on homogeneous ultra-metric spaces.

ALBeVERIO AND Karwowski (1994, 2008) construct processes via
Chapman-Kolmogorov equations.

Kieami (2010, 2013) uses duality between trees and ultra-metric spaces.

Pearson anp BELLissArRD (2009) via spectral triples.
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Isotropic jump processes Ty,
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» m fully supported measure on (X, d)
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Isotropic jump processes vy

» m fully supported measure on (X, d)

» o probability measure on R* with continuous, strictly
increasing distribution function  o(r) = o([0, r))
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Isotropic jump processes vy

» m fully supported measure on (X, d)

» o probability measure on R* with continuous, strictly
increasing distribution function  o(r) = o([0, r))

»  Averaging operator on L'(X,m): forr >0

Qf(x) = —— f fdm
m(Bd(x,r)) By(x,r)

Note: for r € Ag(x) we have Qsf(x) = Q/f(x), se]r, ).
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Isotropic jump processes vy

» m fully supported measure on (X, d)

» o probability measure on R* with continuous, strictly
increasing distribution function  o(r) = o([0, r))

»  Averaging operator on L'(X,m): forr >0

Qf(x) = —— f fdm
m(Bd(x,r)) By(x,r)

Note: for r € Ag(x) we have Qsf(x) = Q/f(x), se]r, ).

» Transition operator (self-adjoint, bounded Markov operator)

Pix) = | Qf(x)do(r).
R+
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Isotropic jump processes Ty,
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» Crucial identity based on ultrametric inequality

QrQs — Qmax{r,s}-
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Isotropic jump processes

» Crucial identity based on ultrametric inequality

OrQs — Qmax{r,s}-

» Therefore: powers P!, t > 0, are

P!f(x) = Qf(x) dat(r),
R+
where ¢! is the probability on R* with distribution function

al(r) = a([O, r))t.
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Isotropic jump processes vy

» Crucial identity based on ultrametric inequality

OrQs — Qmax{r,s}-

» Therefore: powers P!, t > 0, are
P!f(x) = Qf(x) dat(r),
R+
where ¢! is the probability on R* with distribution function

al(r) = a([O, r))t.

> (PY)4s0 is a strongly continuous Markov semigroup, gives rise
to a Markov process (Xt)i>p On our ultrametric space:
the (d,m,o)-process.
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Spectral decomposition of P Ty,
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» Setof non-trivial balls 8 ={B(x,r): xe X, r >0}
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» predecessorofaball Be®B: nextlargerball B’.

[Ye) Section 2 9/16



Spectral decomposition of P Ty,

nnnnnnnnnnnnnnnnnnnnnnn

» Setof non-trivial balls 8 ={B(x,r): xe X, r >0}

» predecessorofaball Be®B: nextlargerball B’.

1 1
m(B) B m(B) &

=  Pflg=o(r)-f(B), r=diam(B).

» Be®B:define fg=
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Spectral decomposition of P Ty,
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» Setof non-trivial balls 8 ={B(x,r): xe X, r >0}

» predecessorofaball Be®B: nextlargerball B’.

1 1
m(B) B m(B) &

=  Pflg=o(r)-f(B), r=diam(B).

» Be®B:define fg=

» THEOREM. P is self-adjoint on £2(X,m) and has pure point
spectrum

(to)u) {o(diam(B)): B e B} u(t).

with complete system of compactly supported eigenfunctions.
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Hierarchical Laplacian Ty,
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» The infinitesimal generator of the Markov process (X}):>o is

L= Y (Iog a(1r) ~log - (1r,)) () - @rf()

reNqg(x)
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Hierarchical Laplacian Ty,
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» The infinitesimal generator of the Markov process (X}):>o is

L= Y (Iog a(1r) ~log - (1r,)) () - @rf()

reNqg(x)

» Considered in different contexts by more complicated methods
by various authors , e.g.  TaBLESON (1975),

Viabimirov (1988),  ALeverio AND Karwowski (1994, 2008),

KritcHevskl (2007), Zuniga-Gauinoo (2008,...)
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Oscillations Ty
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» Transition density (heat kernel)

Plf(x) = N Q/f(x) da'(r) = fx pe(x, y) f(y) dm(y),
a'(r) - o'(r-)

pt(X/ y) =
reNg(x): r>d(x,y) m(B(X, I’_))

r- next smaller element than r in Ag(x).
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Oscillations Ty
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» EXAMPLE 1. X =Qp (locally compact Abelian group)
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Oscillations Ty
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» EXAMPLE 1. X = Qp (locally compact Abelian group)
»  d(x,y)=Ix-ylp, m Haarmeasures.t. m(Z,)=1.
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Oscillations Ty
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» EXAMPLE 1. X = Qp (locally compact Abelian group)
»  d(x,y)=Ix-ylp, m Haarmeasures.t. m(Z,)=1.

> B(x,p*)=x+pk-z,, m(B(x,p))=p*.
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Oscillations

» EXAMPLE 1. X = Qp (locally compact Abelian group)
»  d(x,y)=Ix-ylp, m Haarmeasures.t. m(Z,)=1.

> B(x,p*)=x+pk-z,, m(B(x,p))=p*.
»  Step length distribution o,(r) = exp(—(p/r)“), a>0.

& p-adic fractional derivative [Vladimirov, 1988],
resp. spectral multiplier [Taibleson, 1975] of order a.

00000 Section 3
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Oscillations Ty
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—a —-1/a 1
pt(x,x):(p—1)2p‘k exp(—tp k):t 1 A(Elogpt),
kezZ

with substitution t = p*Y

A(u) = (p=1) ) p*** exp(~p"(“+1).
keZ

»  A(u) is 1-periodic, non-constant because
t = pt(x, x) is NOT regularly varying at co.
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Oscillations Ty

nnnnnnnnnnnnnnnnnnnnnnn

—a —-1/a 1
pt(x,x):(p—1)2p‘k exp(—tp k):t 1 A(Elogpt),
kezZ

with substitution t = p*Y

A(u) = (p=1) ) p*** exp(~p"(“+1).
keZ

»  A(u) is 1-periodic, non-constant because
t = pt(x, x) is NOT regularly varying at co.

» Amplitude: as p — oo,

| 1/a
minA(u)~M Ve,

li and mlzjaxA(u) - (ea)”
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Oscillations Ty
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» EXAMPLE2. X =S, = U S, (discrete group)
nelN
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» EXAMPLE2. X =S, = U S, (discrete group)
nelN

» d(x,y)=minfn>1:x"yeSp} -1, m counting measure.
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Oscillations Ty
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» EXAMPLE2. X =S, = U S, (discrete group)
nelN
» d(x,y)=minfn>1:x"yeSp} -1, m counting measure.

» B(x,n)=xSpi1, m(B(x, n)) =(n+1).
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Oscillations Ty
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» EXAMPLE2. X =S, = U S, (discrete group)

»  d(x,y)=min{n>1: x“yneeg,,} -1, m counting measure.
» B(x,n)=xSpi1, m(B(x, n)) =(n+1).

>  up equidistributionon S, .

Averaging operator Q,f = up*f for n—1<r<n.
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Oscillations Ty
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EXAMPLE 2. X =S, = U S, (discrete group)
nelN

dix,y)=minin>1:xye S, -1, m counting measure.
B(x,n) = xSpy1, m(B(x, n)) =(n+1).

1n equidistribution on Sp.

Averaging operator Q,f = up*f for n—1<r<n.

p= ), n(n)un, 7 prob. measure on IN.
n=1
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Oscillations Ty

2 University of Technology

» EXAMPLE2. X =S, = U S, (discrete group)
nelN

»  d(x,y)=min{n>1:x"yeS,} -1, m counting measure.
» B(x,n)=xSpi1, m(B(x, n)) =(n+1).
>  up equidistributionon S, .
Averaging operator Q,f = up*f for n—1<r<n.
> u= i n(n)un, 7 prob. measure on IN.
n=
> Step length distribution ([0, n)) = (1) + -+ + m(n)

One-step operator Pf = pxf
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Oscillations Ty
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» EXAMPLE2. X =S, = U S, (discrete group)
nelN

» d(x,y)=minfn>1:x"yeSp} -1, m counting measure.

» B(x,n)=xSpi1, m(B(x, n)) =(n+1).

v

1n equidistribution on Sp.
Averaging operator Q,f = up*f for n—1<r<n.

» U= 21 n(n) un, 7 prob. measure on IN.
n—=

> Step length distribution ([0, n)) = (1) + -+ + m(n)
One-step operator Pf = pxf

»  Our process is the random walk on S, with law .
000 Section3  14/16
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» Suppose n(n) = A(n!),
where A(v) = v *¢(logv), and ¢ is regularly varying at co;

e.g. n(n)=c/(n-p).
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Oscillations Ty
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» Suppose n(n) = A(n!),

where A(v) = v *¢(logv), and ¢ is regularly varying at co;
e.g. n(n)=c/(n-p).
logt

> Define p(t) = m and

g(t) = 7% - p(p(t)log p(t)) " - (logp(t))"* and

w(t) =t - p(p(t)log p(t) " - (ea@) " p(1)
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Oscillations Ty
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» Suppose n(n) = A(n!),

where A(v) = v *¢(logv), and ¢ is regularly varying at co;
e.g. n(n)=c/(n-p).
logt

> Define p(t) = m and

g(t) = 7% - p(p(t)log p(t)) " - (logp(t))"* and

w(t) =t - p(p(t)log p(t) " - (ea@) " p(1)

» Then
_ pi(x, X) o pt(X, X)
limsu =1 and liminflimsu =1
o” (1) o 9(0)
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Remarks Ty
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»  For random walks on certain finitely generated groups
(lamplighter groups and generalisations), pure point spectrum
with finitely supported eigenfunctions occurs, but no oscillations
of return probabilities.

E.g. Revelle (2003), Bartholdi and Woess (2005),
Bartholdi, Neuhauser and Woess (2008).
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Remarks Ty

nnnnnnnnnnnnnnnnnnnnnnn

»  For random walks on certain finitely generated groups
(lamplighter groups and generalisations), pure point spectrum
with finitely supported eigenfunctions occurs, but no oscillations
of return probabilities.

E.g. Revelle (2003), Bartholdi and Woess (2005),
Bartholdi, Neuhauser and Woess (2008).

» For random walks on certain fractal graphs, one has both pure
point spectrum with finitely supported eigenfunctions and
oscillations of return probabilities.

E.g. Grabner and Woess (1997), Teufl and Krén (2003).
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