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Setting - definitions and some notations

» QO CR?, abounded connected domain.
» Laplace eigenvalue problem: —Af = \f in Q, % laa= 0.

» Set of eigenvalues o(€2): discrete, increasing to infinity



Spectral position and nodal domains

» Counting function (spectral position):
NAN=#{ieN| X, <A} +1, A€ea(Q).
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Is the counting function and nodal count related?




Courant’s theorem and the Courant-sharp problem

Theorem
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Courant’s theorem and the Courant-sharp problem

Theorem
(Courant’s nodal bound, 1923) Let fy be an eigenfunction
corresponding to \ € o(f2), then

v(fx) SN

Question. Given 2, which eigenfunctions attain Courant’s bound?

A. Stern, 25’ - On the dirichlet square v(f,) = 2, for infinitely many
eigenvalues.
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Definition and trivial cases

Definition

» Eigenfunction f, is Courant-sharp if v(fy) = N(X).

» Eigenvalue A € o(92) is Courant-sharp if there exists a
corresponding Courant-sharp eigenfunction.

Trivial cases. The first is Courant-sharp by Courant’s theorem
and the second is Courant-sharp due to Orthogonality.
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Small number of nodal domains - intuition

> Pleijel 56’ - Finitely many Courant-sharp.

» Main argument - Faber-Krahn inequality

Ca

2] 2 75—,
A2 ()

where €2, is a nodal domain of f with 9Q;, C Z; and Cy
is a constant depending on d.

Remark. Many (almost all) of the present results use Pleijel’s
argument as first step.
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» Domains in R% - d > 2 - the cube R3, the torus in R3, Balls in
R, d > 2.
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Rep-tiles (mathematical)

W. Golomb 64’ - a rep-tile or reptile is a shape that can be
dissected into smaller copies of the same shape. Shape is a
n-rep-tile if disected into n shapes.
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An arbitrary triangle or parallelogram can be dissected into
four replicas.

Three trapezoids which can be dissected into four replicas.



Symmetric 2-Rep-tiles

» Disected at a symmetry plane - eigenfunctions are self tiling.




Our result

Theorem
( Band, Bersudsky, Fajman, 16’)

1. The Courant-sharp eigenvalues of the Neumann Laplacian on
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Our result

Theorem
( Band, Bersudsky, Fajman, 16’)

1. The Courant-sharp eigenvalues of the Neumann Laplacian on
the right triangle with equal legs are A1, Ay, A3, Ay, Mg

2. Letd e N, d> 2, and let B'Y be a d-dimensional box of

measures l; X ly X ... x 1y, such that llfl =
J+
(1<j<d-1).
The Courant-sharp eigenvalues of the Neumann Laplacian on B(%)

are:
> )\1,)\2,)\4,)\6 fOrd: 2

> A\, )\, ford > 3.

Remark. It is impossible to use Pleijel’'s argument (Faber-Krahn)
to solve the problem for the boxes in every dimension.
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Some ideas in the proof

Lemma
For the domains we consider, if an eignevalue is Courant-sharp,

then it is a simple eigenvalue.
Remark. This is not always the case - the second eigenvalue of
the square has multiplicity 2.

This Lemma and the following counting principle prove the
theorem for the boxes. For the triangle it is more involved.
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|deas in the proof for B@)
We consider the scaling - B2 [0 fﬂ] [0, 7].
» The eigenvalues are given by
An = %2 +n?2, (m,n) € Ng x Nj.

» A basis of eigenfunctions is given by
O n(T,y) = cos g - cosn, (m,n) € Ng x Ng.

» Note that v(¢,, ,,) = (m+1)(n+1).

By the lemma it remains to examine the simple eigenvalues.
n
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Thanks for listening!
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