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Laplace-Beltrami operator.

Let hi(x,y) be the associated kernel of the heat semigroup {€™**};o:

e A f(x) = /M he(x, y)f(y)du(y), VfeL*(M),a.e xc M.

he(x,y) is positive, symmetric in x,y € M and smooth in t > 0,x,y € M.

Let B(x,r) open ball with center x € M and radius r > 0. Denote
V(x, r) := u(B(x,r)). M satisfies the doubling volume property if

V(x,2r) < CV(x,r), ¥Yr>0,xe€ M. (D)
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Strichartz (1983): For which kind of non-compact Riemannian manifold M and
for which p € (1, 00), there holds |||V |||, = ||AY?f]|,?

The Riesz transform (formally VA~%/2) is LP bounded on M if
IVl < CIAY2f|,,  VF € C5o(M), (Ro)

and the reverse inequality is denoted by (RR)).

When p =2, |||[Vf]||l2 = ||AY2f]].

By duality, (Ry) = (RRy), p’ is the conjugate of p.

Well-known results: The Riesz transform is LP bounded for 1 < p < oo on
@ Euclidean spaces R"

@ Riemannian manifolds with non-negative Ricci curvature (Bakry,
Littlewood-Paley theory)

@ Lie groups with polynomial growth endowed with a sublaplacian
(Alexopoulos)
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Remarks Under (D) and (UE), (R,) may not hold for p > 2.
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Let M be a complete non-compact Riemannian manifold satisfying (D) and
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Then the Riesz transform is of weak type (1,1) and LP(M) bounded for1 < p < 2.

Remarks Under (D) and (UE), (R,) may not hold for p > 2.
Examples: manifolds consisting of two copies of R"\{B(0,1)} (n > 2) (see
[Coulhon-Duong 1999], [Carron-Coulhon-Hassell 2006] etc).

(D) is not a necessary assumption for (R,).
Examples: Riemannian manifolds with a spectral gap.

Question: If (D) is assumed, can we replace (UE) by some other natural heat
kernel estimates like the sub-Gaussian estimates?
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C
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Examples Fractal manifolds. They are built from graphs with a self-similar
structure at infinity by replacing the edges of the graph with tubes and then
gluing the tubes together smoothly at the vertices.

Given any o, m € R, such that @ > 1 and 2 < m < a + 1, there always exist
manifolds satisfying V/(x, r) ~ r® for r > 1 and (UE,,). See for example [Barlow,
Coulhon, Grigor'yan 2001], [Hebisch, Saloff-Coste 2001], [Barlow 2004] etc.
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. t>1.

i) < e (- e(FE2))

to+1

It also satisfies the non-standard Poincaré inequality:

/Blf — faPdp < Cro /B VP, Ve > 1, ¥F € C(M).
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Let M be a complete non-compact Riemannian manifold satisfying (D) and
(UE), then the Riesz transform is weak (1,1) bounded and LP bounded for
l<p<2.

The strategy for the proof is the same as the Gaussian case in [Coulhon, Duong
1999].

@ Singular integral techniques developed by Duong and Mclntosh;

o Weighted estimate for the gradient of the heat kernel (essentially Grigor'yan's
method for the Gaussian case).

It suffices to prove that for all A > 0,
C
pix VAT > A} < SRS

Formally one can write

dt

VA*1/2f:/ Ve t8f—.
0 Vit



Using the Calderén-Zygmund decomposition, one can deduce the weak (1,1)
boundedness to the following estimate: for all y € M, all r,s > 0,

71 p<* L2) O0<s<1
€X] C S
\/7 ) )

/d( > IVahsCe )l dux) < P 1/(m-1)
xX,y)=r . _ R >
\Eexp( c(s) ), s> 1



Using the Calderén-Zygmund decomposition, one can deduce the weak (1,1)
boundedness to the following estimate: for all y € M, all r,s > 0,

2

1
ﬁexp<fc%), 0<s<l,

\% exp ( - c(g)l/(mfl)), s> 1

o Chain rule for u(x, t) = h(x, y):

[ I9ahley) dut) €
d(x,y)=r
Key ingredients

AuP(x, t) = puP7Y(x, t)Au(x, t) — p(p — 1)uP~2(x, t)|Vu(x, t)|.

]

o Estimate H [Vhe(-,y)| exp (C(M) forl<p<2 t>1
p
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For any Vicsek manifold, (RR,) does not hold for all p € (1,2). Consequently,
(R,) does not hold for all 2 < p < oco.

@ This is an improvement of the result in [Coulhon, Duong 2003], where (RR))

was shown to be false for 1 < p < £2;.

@ This result shows that the conjunction of (D) and the non-standard Poincaré
inequality does not imply the existence of € > 0 such that (R,) holds for
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Corollary (C., Coulhon, Feneuil, Russ 2017)

For any Vicsek manifold. Let 1 < p < co. Then (R,) holds if and only if
1 < p <2 and(RR,) holds if and only if2 < p < cc.

All our results have their counterparts in the graph setting.



Idea for the proof
Let M be the Vicsek manifold with the volume growth V/(x,r) ~ Por>1.
Denote D' = D2—fl. Then M satisfies

p p
/7

1 ; f
||pr+("’1"’ < G|IF =9 | AY2F ||, YF € C3°(M) such that ”fHP <1
1
1 L 7 L 7
Assume that (RR,) is true, hence [|f]l, 7% < G,||f|| =7 [|[VF]]],-

Choose {gn}nen to contradict the above inequality (from [Barlow, Coulhon,
Grigor'yan 2001]):

Figure: The function g» on the diagonal zz;



Thanks very much!



