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Neumann domains on torus
Laplacian eigenfunctions on T =R2?/Z%:  —At, = A ptasb
2
Eigenvalues: A, = %(ﬁ + %) a=,4~, b= ln m,n € Ng
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Origin at center of ijzr: Ya,b(x1,x2) = sin (2aX1) cos (%xz)



The result

Definition: ground state property for Qsm//e"s PN

e lowest non-zero eigenvalue of Neumann Laplacian is simple

= eigenfunction ¢ (mod constant) is called ground state

tar /I
° U, b\erar//ens is ground state on Q7' ar/ ene

Ground state property depends on § = fix a€ Ry andvary beR,

R. Band, D. Fajman:  for every fixed a >0 a by > 0 exists such
that: b < by = Q’e”s does not satisfy ground state property

R. Band, E., A. Taylor: for every fixed a>0 a by > 0 exists such
that: b < by = Q;ff,’ does satisfy ground state property



The idea for proving

Symmetry of Q“Z’ = ground state is symmetric or antisymetric i)-iv)
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Exclude shape
i): Courant’'s nodal domain theorem
# {nodal domains} < n, A, n—th eigenvalue

= four nodal domains 4 to X, ie. n=2
ii):
N star T (D ~ D star star
M@ =3P > aP@s) > AN

monotonicity olya



Exclusion of shape iii)

Equivalent problem:

For every fixed a>0 a by >0 exists: forall b < by: A" < AP

T —— Dirichlet

= Neumann

a a
0P <A <. 0< M <M <... 0< AP <A <.

Idea: modified rearrangement with sector S, as reference system
Find S, such that: for all b < by:
v h
A <A <A

= « and r dependon b



The rearrangement

|
2 = |Sr,oc|2

Area of the sector:  |A,p
Rearrangement in two steps:
1. rearrangement of sets: A, D Q — Q* C S5, such that:
Q= |Q, and QF =S,

2. rearrangement of ¢ :A,p > R{ to ¥*:S,.,—R§

P (x) = /OOO X(wstp-(x)d e, {P > th = {x € Aoy ¥(x) > t}

Aap Sra
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Requirements for rearrangement, a fixed, b small

i) )\(1") < r2 = A1,s, Jo first zero of Jy Bessel function

ii) for almost all t > 0: OM(-) non-Neumann part of boundary

10N (¢ > t} |1 > |0V {v* > t} |1,

Aap Sra ,
b — My>1} — Ny > 1}
a

i) +coarea formula = [V < [V (41| = [[#]] holds always)

2 * (|2 2
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e /) = lower bound oy, for a

e ii) = upper bound amax for



The upper bound amay
N A2
Relative isoperimetric problem in A, ,:  determine inf %
’ ACAa,b 2

|Sr,pl2 = 142

O A NSy

First step: find Vi > 0 the minimizing set Ani, for A(rpAin OV Al
a,b
|Al2=n

Second step:  [Amin| < |4, |OVA| = [0V Amin| > [OVS; o], > T
implies,

|6NAmin|% > |8NSF,¢|%

v
= > — =
Qhminls ~ 20Seph T & O

Third step:  |Aminl2 = H{ep > th2,  (|Aminl2 = [{¥ >t} |2)

lé |8N {¢ > t} |% — |6NAmin‘% 2‘Amin|2 > max
TN {Yr > tHE 2Aminl2 [V {Yr >t} T a




The lower bound amin

Asymptotics of  |A pl2:
|Aabla ~ yb*(1+ O(b)), =~ 0.6080

Ground state of the sector in dependence of [\, |2 = |5 a2
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Aap = T(? + ﬁ) ~ TR
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= V Oé>06min::?-g

= Omin < max = Claim

~0.16527 Jby:  Aap < Ais



Thank you for you attention!



