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We consider a non self-adjoint Laplacian on a directed graph with
non symmetric edge weights. We analyse spectral properties of this
Laplacian under a Kirchhoff’'s assumption. Moreover we establish
isoperimetric inequalities in terms of the numerical range to show
the absence of the essential spectrum of our Laplacian.
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Graphs and operators

We call oriented or directed graph, the couple G = (V, E) where
V is a countable set of vertices, and E C V x V is a set of directed
edges. For two vertices x,y of V, we denote by (x,y) the edge

that connects x to y, we also say that x and y are neighbors.
For all x € V, we set:

o The edge (x,x) is called a loop.
o Vi = {ye V, (x,y) € E_}

o Vo = {y eV, (r,x)e E_}
o Vo=V UV, Gis locally finite if for all x € V,

#Vi < o0.



Graphs and operators

Transport network
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Graphs and operators

A path between two vertices x and y in V is a finite set of directed
edges (x1,y1); (x2,¥2);..; (Xn, ¥n), n > 2 such that

xx1=X, yp=yand x;=y; 1 V2<i<n

o G =(V,E)is called connected if two vertices are always
related by a path.

o G =(V,E)is called strongly connected if for all vertices x, y
there is a path from x to y and one from y to x.



Graphs and operators

In this work, we suppose that G is without loops, locally finite,
connected and satisfy:

Vx eV, #VI#0et #V_ #0.
We define a weighted graph

Weighted graph: A directed weighted graph is a triple (G, m, b) ,
where G is a directed graph, m: V — R is a weight on V and
b:V xV —[0,00) is a weight satisfying the following conditions:

o b(x,x)=0forallxeV
o b(x,y)>0iff(x,y) € E

The graph (G, m, b) is called symmetric if for all x,y € V,
b(x,y) = b(y,x).



o C(V)={f:V=C)
o Cc(V) is its subset of finite supported functions.

o The Hilbert space

CV,m)y={fec(V), Y mx)f(x)] < oo}

xeV

endowed with the following inner product:

(f,8)m =Y _ m(x)f(x)g(x).

xeVv



Graphs and operat:

Laplacian and Dichlet Laplacian:
For a weighted connected directed graph (V, E, b), we introduce
the combinatorial Laplacians:

o We define the Laplacian A on C(V) by:

= bey —f(y)).

m(x)
yevi

o The Dirichlet Laplacian ALD/, where U is a subset of V, is
defined for f € C.(U) and g : V — C the extension of f to V
by setting f = 0 outside U by:
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Graphs and operators

A with domain D(A)

A formal adjoint of A is the operator A’ defined on C.(V') by:

(bey Zby, )

yeVv

A/

The operator A’ can be expressed as a Schrédinger operator with

m(lx) Z (b(x,y) — b(y,x))7 x,y €V
yev

potential g(x) =

NF(x) = 5 3 by () = £(9) + a()F(4)
yev
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Graphs and operators

We introduce the Assumption (3)

The Assumption (3) consists on :

forall x € V, BT(x) =8 (x).

The Assumption () is natural, it looks like the Kirchhoff’s law in
the electrical networks.
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If the Assumption ([3) is satisfied, then

VF € Co(V), AF(x)= % S by, x)(F(x) — (7).

The domain of the adjoint A* of A is given by:

D(A*) = {f € A(V,m), A'f(x) € 2(V,m)}.
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Graphs and operat:

( Green formula) We suppose that f and g are two founctions of
Cc(V). Then

(Af,8)m+ (B8, Fy= > blx,y)(f(x)—f(y))(g(x) — &(r)).

(x.y)€E
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Graphs and operators

Absence of ess

The numerical range of an operator T with domain D(T), denoted
by W(T) is the non-empty set

W(T)=A{(Tf,f), feD(T), |f]|=1}

A is a closable operator.

The closure of A is the operator A whose domain and action are

o D(A) ={f eP(V,m), 3 (fa)nen € Cc(V), fn—
f and (Afp)n converge}

o Af, — Af, fe D).
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Cheeger inequality
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Cheeger inequality

We define the Cheeger constants on Q C V:

U b@EU) o .. b(OgU)
(A - e (1)

we define in addition

mQ:inf{ﬁ-’_(X) er}

= p{ 705, <2
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Cheeger inequality

Define for a finite subset U of V, the edge boundary of U
8EU:{(x,y)eE': (xe U, ye U or (xe U, ye U)}
its measure is given by:

bOeU) = > b(x,y).

(va)eaEU

18



Cheeger inequality

Let Q C V, the bottom of the real part of W(AR) satisfies the
following control:

"D < a(aB) < @) o
172
ma ™D < y(aB) 2)

19



Absence of essential spectrum by Cheeger Theorem
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Absence of essential spectrum by Cheeger Theorem

The essential spectrum oess of a closed operator A is: the set of all
complex numbers for which the range R(A — \) is not closed or
R(A — ) is closed and dimker(A — \) = oo.

A filtration of G = (V, E) is a sequence of finite connected
subgraphs {G, = (Vp, En), n € N} such that G, C Gpy1 and:

Uv,,:v.

n>1
Let us denote
Moo = lim mye
n—o0 n
n—o00 n

The Cheeger constant at infinity is defined by:

— H C
hoo = lim_h(V?). o



Absence of essential spectrum b

%5 (D) = inf{ReX : X € oess(A)}.

The essential spectrum of A satisfies:

hgo ess (A
o S M (d)
and .
h(%O ess (AN
Moot < 1 (D).
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Graph
Ch

Absence of essential spectrum by Cheé-ger Theorem

G is called with heavy ends if my, = occ.

The essential spectrum of A\ on a heavy end graph G with b > 0,
Is empty.
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C i t

Absence of essential spectrum by theéger Theorem

B

Non self-adjoint Laplacians on a directed graph.
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Absence of essential spectrum by theeger Theorem
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