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Exercise 1. Let T := N = N ∪ {∞} be the one point compactification of N and H := `2(N).
Show the following.

(a) There are At ∈ L(H) self-adjoint for t ∈ T such that

Np : T → R, Np(t) := ‖p(At)‖,
is continuous for all p(z) := p1z + p0 with p1, p0 ∈ R but t 7→ σ(At) is not continuous.

(b) There are At ∈ L(h) self-adjoint for t ∈ T such that

Np : T → R, Np(t) := ‖p(At)‖,
is continuous for all p(z) := p2z

2 + p0 with p2, p0 ∈ R but t 7→ σ(At) is not continuous.
(c) There are At ∈ L(h) self-adjoint for t ∈ T such that

Np : T → R, Np(t) := ‖p(At)‖,
is continuous for all p(z) := p2z

2 + p1z with p2, p1 ∈ R but t 7→ σ(At) is not continuous.

Exercise 2 (4 points). Let G be countable and g, h ∈ G. Prove that the left-shift

Lg : `2(G)→ `2(G), (Lgψ)(h) := ψ(g−1h),

and the right-shift
Rg : `2(G)→ `2(G), (Rgψ)(h) := ψ(hg),

are unitary linear bounded operators satisfying

(a) L∗g = Lg−1 and R∗g = Rg−1 ,
(b) ‖Lg‖ = 1 = ‖Rg‖,
(c) LgLh = Lgh and RgRh = Rgh,
(d) LgRh = RhLg.

Exercise 3. A function t : AZd → C is called (strongly) pattern equivariant with parameter
Mt ∈ N if t(ω) = t(ρ) holds whenever ω|QMt

= ρ|QMt
. Prove that the following statements are

equivalent.

(i) t : AZd → C is pattern equivariant.
(ii) t is continuous and takes only finitely many values.

Exercise 4 (4 points). Let E be a Banach space and A ∈ L(E). Consider a sequence (xn)n∈N ⊆
ρ(A) such that xn → x ∈ C. Prove the following statements.

(a) If supn∈N ‖(A− xn)−1‖ is finite then x ∈ ρ(A).
(b) If there are Sn, Tn ∈ L(E), n ∈ N, such that

(A− xn)Sn = I + Tn, sup
n∈N
‖Sn‖ <∞ and sup

n∈N
‖Tn‖ < 1,

then x ∈ ρ(A).
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