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Exercise 1 (4 points). Let (X,G) be a dynamical system with G amenable with Følner se-
quence (Fn)n∈N. Prove that if (X,G) is uniquely ergodic then the sequence of functions

gn : X → C, x 7→ 1

]Fn

∑
h∈Fn

f(hx)

converges uniformly for every f ∈ C(X) to the constant
∫
f dµ.

Hint: Prove first that if gn converges uniformly then it must converge to
∫
f dµ. Then do a

proof by contradiction.

Exercise 2 (4 points). Let U ⊆ AQ+
n for n ∈ N. Define for 0 ≤ k ≤ n, the set

Uk :=
{
q ∈ AQ+

k | there is a p ∈ U s.t. q occurs in p
}

for 0 ≤ k ≤ n. Show that for all W ∈ V(n, U), we have W ∩ AQ+
k = Uk for all 0 ≤ k ≤ n. In

particular, if W1 ∩ AQ+
n = W2 ∩ AQ+

n , then W1 ∩ AQ+
k = W2 ∩ AQ+

k follows for all 0 ≤ k ≤ n.

Exercise 3 (4 points). Consider the dynamical system (AZ,Z). Prove that if ω ∈ AZ is not

periodic, then it is aperiodic. Is this also true for (AZd
,Zd) with d ≥ 2? If not provide a counter

example.

Exercise 4 (4 points). Let ω ∈ AG with G = Zd. Prove that the following assertions are
equivalent.

(i) ω is periodic.

(ii) There exists an m ∈ N0 and a p ∈ AQ+
m such that ω = ωp.

Bonus exercise 1 (1 point). Prove that

W (ω) =
{

(gω)|Q+
k

∣∣ g ∈ G, k ∈ N0

}
.

Bonus exercise 2 (1 point). For m ∈ N, define

m · Zd :=
{

(m · g1, . . . ,m · gd)
∣∣ (g1, . . . , gd) ∈ Zd

}
.

Prove that for all n ∈ N0, the equality

Zd =
⊔

g′∈(n+1)·Zd

g′Q+
n

holds where the union is a disjoint union.
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