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Theorem (Band-B-Loewy 2024)
For all V #0 and « € [0,1] \ Q,

{Na,v(E) | E & 0(Ha,v)} = (Z+ aZ) N [0,1].

=wa(n)

Howth(n) = (n — 1) +(n + 1) + Vxp_am(na_mod 1)4(n)

gap label

s"a,v(E) ,,,,,,,,,,, gap
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Theorem (Band-B-Loewy 2024)
For all V # 0 and « € [0,1] \ Q,

{No,v(E) | E & 0(Ha,v)} = (Z+ aZ) N [0,1].

:wi(”)

Ha,vip(n) = ¢(n—1) +¢(n+1) + V x[1-a,1)(na  mod 1)1(n)

@ the inclusion
{Nav |E¢O’(Ha V)} (Z—i—aZ)ﬂ[O,l].

follows from the Gap labelling theorem
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Theorem (Band-B-Loewy 2024)
For all V # 0 and « € [0,1] \ Q,

{No,v(E) | E & 0(Ha,v)} = (Z+ aZ) N [0,1].

:wi(”)

Hovtp(n) =9(n—1)+9(n+1) + VX[1—a,1)(”04 mod 1) ¢(n)

@ the inclusion
{Na,v(E)| E & 0(Ha,v)} C (Z+aZ)N[0,1].

follows from the Gap labelling theorem

@ need to prove

{No(E)| E ¢ 0(Hav)} 2 (Z+aZ) N[0, 1].
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Strategy in a nutshell

© find suitable approximations %
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Strategy in a nutshell
© find suitable approximations %

@ encode the spectrum o(H,, v) - boundary of a tree

G(Ho ) =romsiem . m e i e+ oo s e
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Strategy in a nutshell

gap label

. . L )
© find suitable approximations % ‘ ‘
inf(o(Ha,v)) é’ E sup(o(Ha,v)) R
@ encode the spectrum o(H,, v) - boundary of a tree
G(Ha,y) =-emevoem v s s ot 4 am oo e s s e

© describe N, v explicitly
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Strategy in a nutshell | |

gap label

Moy (B)f - ‘

find suitable approximations %

nio(Tor)) B E s R
encode the spectrum o(H,,v) - boundary of a tree

G(Ho ) =romssiem o m e i e+ om e s e

describe N, v explicitly

For na — m € [0,1] find E € o(H,,v) such that

Nov(E) =na—m
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Strategy in a nutshell | |

find suitable approximations %

inf(o(Ha,v)) E E sup(o(Ha,v)) R
encode the spectrum o(H,,v) - boundary of a tree

G(Ho ) =romssiem o m e i e+ om e s e

describe N, v explicitly

For na — m € [0,1] find E € o(H,,v) such that

Nov(E) =na—m

@ Modify geodesic - E' € o(H,,v) - such that

no—m = Na’\/(E) == Na’\/(E/)

If E # E’, then the gap associated with noe — m is open
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Finding approximations

e Continued fraction expansion of a € [0,1] \ Q

1
a=c+——7— =[c,c1,0C,...]
a+—t—

o+
2 c3+i
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Finding approximations

e Continued fraction expansion of a € [0,1] \ Q

1
a=c+——7— =[c,c1,0C,...]
a+—
o+ T
agt+—
@ rational approximations
1 K
ak=C0—|-—1=p—, kENo
c -+ Ak
o
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Finding approximations
o Continued fraction expansion of a € [0,1] \ Q

1
a=c+—7— =, ]
a+ o+
2 C3+i
@ rational approximations
1 Pk
=+ ——7—=", k € No
ca+ Ak
1

Theorem (Bellissard-lochum-Scoppola-Testard '89,
Bellissard-lochum-Testard '91)

For all V € R,
lim o(Ha,,v) = 0(Ha,v).
k— o0
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Encoding the spectrum

Q1 _— = — s —

Ok _— _ — _

Qk—1
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Encoding the spectrum

Ok+1

Qg

Qk—1
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Encoding the spectrum

N B A B A A BAB A _B
k+1 —_— - = - = = —
o A B A A

Qk—1
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Encoding the spectrum

“ B A B A A BAB A B
k+1 —_— - = - = = —
o A B A A
s A B
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Encoding the spectrum

Q1

Qi

Qk—1

Qp+1

Qg

Qk—1

B A B A A
A B
A
AN
A B
|
A
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B |A| B |A] B

Al A
B
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Encoding the spectrum

N B A B A A BAB A _B
k+1 _— - — - = - —
a A B A AL
s A B

o B w B w B|A| B |A| B
k+1

o A 1‘3 Al A
k-1 A B

V > 4: Raymond 1995
V' # 0: Band-B-Loewy 2024
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[0] A

root
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[0,2] B

[0] A

root
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o]
oy}

[0,2] A B
[0] A
root
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[0,2,3] B B
[0,2] A B
[0] A

root
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[0,2,3] B A A B
[0,2] A B
[0] A
root
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[0,2,3]

[0.2]

[0]

root

B A A B
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[0,2,3,1] B B B B B B B

[0,2,3] B A A B A A A
[0,2] A B
[0] A
root
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[0,2,3,1] B B B B B B B
[0,2,3] B A A B A A A
[0,2] A B
[0] A
root
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[0,2,3,1] A B B B A B B B B
[0,2,3] B A A B A A A
[0,2] A B
[0] A
root
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tree 7,

a3

a2

aq

@

root
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U(Ha,V) Cme e e

tree T,

as

a2

aq

Qo

root
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a3

a2

aq

@

root
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o(Ha,v) - -

tree 7,
a3
(&%)
ln+1 g ln
ag
{Ev(t=N I
neN
o
root
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tree T,
Qa3
a2
ln+1 g ln
™
{Evint=N1h
neN
Qo
Ev :0Ta — o(Hav), v+ Ev(7)
root injective, surjective, ...
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[0,1,2,4] A\AVA, A, B \A\A|A, B \A|A,A B

[0,1,2] B A A
[0,1] . B .
—2+4+V 24+V
[0] } A {
-2 2
root
=wa(n)

Havib(n) = (n — 1) +9(n+ 1)+ Vx_a,1)(na mod 1)3(n)
where ag =0 = wq,(n)=0,neZ

whereay =1 = wy(n)=1, neZ

The Dry Ten Martini Problem for Sturmian Schrédinger Operators - Part 2 Siegfried Beckus



[0,1,2,4] A\AVA, A, B \A\A|A, B \A|A,A B

[0,1,2] B A A
[0,1] . B
—2+V 2+V
[0] } A {
-2 2
root
=wa(n)

Havib(n) = (n — 1) +9(n+ 1)+ Vx_a,1)(na mod 1)3(n)
where ag =0 = wq,(n)=0,neZ

whereay =1 = wy(n)=1, neZ
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[0,1,2,4] A\AVA, A, B \A\A|A, B \A|A,A B

[0,1,2] B A A
[0,1] X . B
24V 2+ V
V=4
[0] . A .
-2 2
root

=wa(n)

Havib(n) = (n — 1) +9(n+ 1)+ Vx_a,1)(na mod 1)3(n)
where ag =0 = wq,(n)=0,neZ

whereay =1 = wy(n)=1, neZ
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[0,1,2,4] A\AVA, A, B \A\A|A, B \A|A,A B

[0,1,2] B A A
[07 1] i | B
24V 2+V
V<4
[0] . A .
-2 2
root

=wa(n)

Havib(n) = (n — 1) +9(n+ 1)+ Vx_a,1)(na mod 1)3(n)
where ag =0 = wq,(n)=0,neZ

whereay =1 = wy(n)=1, neZ
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[Theorem (Band-B-Loewy 2024) }
Forall V #0and a € [0,1]\ Q,

{Nav(E)|E ¢ 0(Hav)} = (Z+aZ) N[0, 1].

find suitable approximations %

inf(o(Hav)) E B sup(o(Hay)) R

o

@ encode the spectrum o(H,, v) - boundary of a tree

© describe N, v explicitly A R
Q@ For na—me[0,1] find E € 0(H,, v) such that :

Nov(E) =na—m

@ Modify geodesic - E' € o(H,,v) - such that

no —m= Na’\/(E) = Na’\/(E/)

If E # E’, then the gap associated with nat — m is open
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Almost-Mathieu operator Sturmian systems

Frequencies o
N
Frequencies o

4 0
(Hofstadter '76)  Spectrum Spectrum (Biber '21)
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Almost-Mathieu operator Sturmian systems

Frequencies o
N
Frequencies o

4 0
(Hofstadter '76)  Spectrum Spectrum (Biber '21)
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Almost-Mathieu operator Sturmian systems

S 3
4 7]
& 2
o [5}
< [UPUTTTURUUTRIE ST O <
[ 2 ]
S S
g T
£ o
L w
—4 0 4
(Hofstadter '76) Spectrum Spectrum  (Beckus, Band '24)
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Almost-Mathieu operator Sturmian systems

3 3
1] 1]
& 2
Q Q
c c
() ()
3 3
T T
() ()
1> 1™
L [
—4 0 4
(Hofstadter '76)  Spectrum Spectrum  (Beckus, Band '24)
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Almost-Mathieu operator Sturmian systems

3 3
4 7]
& 2
(%] (%]
=4 =4
[ [
=] =]
o o
Qv [
= =
w w

—4 0 4

(Hofstadter '76) Spectrum Spectrum (Beckus, Band '24)
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