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Theorem (Band-B-Loewy 2024)

For all V ̸= 0 and α ∈ [0, 1] \Q,{
Nα,V (E ) |E ̸∈ σ(Hα,V )

}
=

(
Z+ αZ

)
∩ [0, 1].

Hα,Vψ(n) = ψ(n − 1) + ψ(n + 1) + V

=ωα(n)︷ ︸︸ ︷
χ[1−α,1)(nα mod 1)ψ(n)

Rinf(σ(Hα,V )) sup(σ(Hα,V ))

gap

E′ E

Nα,V (E)

gap label

1

the inclusion{
Nα,V (E ) |E ̸∈ σ(Hα,V )

}
⊆

(
Z+ αZ

)
∩ [0, 1].

follows from the Gap labelling theorem
need to prove{

Nα,V (E ) |E ̸∈ σ(Hα,V )
}
⊇

(
Z+ αZ

)
∩ [0, 1].
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Strategy in a nutshell
1 find suitable approximations pk

qk

2 encode the spectrum σ(Hα,V ) - boundary of a tree

3 describe Nα,V explicitly

4 For nα−m ∈ [0, 1] find E ∈ σ(Hα,V ) such that

Nα,V (E ) = nα−m

5 Modify geodesic - E ′ ∈ σ(Hα,V ) - such that

nα−m = Nα,V (E ) = Nα,V (E
′)

If E ̸= E ′, then the gap associated with nα−m is open
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Finding approximations

Continued fraction expansion of α ∈ [0, 1] \Q

α = c0 +
1

c1 +
1

c2+
1

c3+
1

...

=: [c0, c1, c2, . . .]

rational approximations

αk = c0 +
1

c1 +
1

. . .+ 1
ck

=
pk
qk
, k ∈ N0
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Theorem (Bellissard-Iochum-Scoppola-Testard ’89,
Bellissard-Iochum-Testard ’91)

For all V ∈ R,
lim
k→∞

σ(Hαk ,V ) = σ(Hα,V ).
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Encoding the spectrum

αk+1

αk

αk−1
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B A B A A B A B A B

αk

αk−1
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Encoding the spectrum
αk+1

B A B A A B A B A B

αk
A B A A

αk−1
A B

αk+1
B A B A A B A B A B

αk
A B A A

αk−1 A B

V > 4: Raymond 1995

V ̸= 0: Band-B-Loewy 2024
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B

[0] A

root
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[0, 2] B

[0] A

root
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[0, 2]

B B

A B

[0] A

root
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[0, 2, 3]

[0, 2]

B B

A B

[0] A

root
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[0, 2, 3]

B

A

B

A

B

[0, 2]

B B

A B

[0] A

root
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B

A

B

A

B B

A

B

A

B

A

B

[0, 2]

B B

A B

[0] A
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[0, 2, 3, 1]

[0, 2, 3]

B

A

B

A

B B

A

B

A

B

A

B

[0, 2]

B B

A B

[0] A
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[0, 2, 3, 1]

B B B B B

[0, 2, 3]

B

A

B

A

B B

A

B

A

B

A

B

[0, 2]

B B

A B

[0] A

root
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[0, 2, 3, 1] A A

B B B BB B B B B

[0, 2, 3]

B

A

B

A

B B

A

B

A

B

A

B

[0, 2]

B B

A B

[0] A

root
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tree Tα

σ(Hα,V )

α3

α2

α1

α0

root
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tree Tα

σ(Hα,V )

α3

α2

α1

α0

root

γ

I1

I2

I3
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tree Tα

σ(Hα,V )

α3

α2

α1

α0

root

γ

I1

I2

I3

In+1 ⊆ In
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tree Tα

σ(Hα,V )

α3

α2

α1

α0

root

γ

I1

I2

I3

In+1 ⊆ In

{EV (γ)} =
⋂
n∈N

In
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tree Tα

σ(Hα,V )

α3

α2

α1

α0

root

γ

I1

I2

I3

In+1 ⊆ In

{EV (γ)} =
⋂
n∈N

In

EV : ∂Tα → σ(Hα,V ), γ 7→ EV (γ)

injective, surjective, ...
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[0, 1, 2, 4] A A A A B A A A B A A A B

[0, 1, 2] B A A

[0, 1] B

−2 + V 2 + V

[0] A

−2 2

root

Hα,Vψ(n) = ψ(n − 1) + ψ(n + 1) + V

=ωα(n)︷ ︸︸ ︷
χ[1−α,1)(nα mod 1)ψ(n)

where α0 = 0 ⇒ ωα0(n) = 0, n ∈ Z

where α1 = 1 ⇒ ωα1(n) = 1, n ∈ Z
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Almost-Mathieu operator
Vα,λ,θ(n) := λ 2 cos

(
2π (α n + θ)

) Sturmian systems
Vα,λ,θ(n) := λχ[1−α,1)

(
{nα+ θ}

)

(Hofstadter ’76) Spectrum

F
re
q
u
en

ci
es

α

−4 0 4

(Biber ’21)Spectrum

F
re
q
u
en

ci
es

α

1
2
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